ZERO-CYCLES ON VARIETIES OVER p-ADIC FIELDS 
AND BRAUER GROUPS 



SHUJI SAITO AND KANETOMO SATO 



Abstract. In this paper, we study the Brauer-Manin pairing of smooth proper varieties over 
local fields, and determine the p-adic part of the kernel of one side. We also compute the Aq 
of a potentially rational surface which splits over a wildly ramified extension. 
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Let be a p-adic local field, and let X be a proper smooth geometrically integral variety 
over k. Let CHo(X) be the Chow group of 0-cycles on X modulo rational equivalence. An 
important tool to study CHo(X) is the natural pairing due to Manin [Ml] 

O ■ (M) CHo(X) X Br(X) — > Q/Z. 

Here Br(X) denotes the Grothendieck-Brauer group H?^(X,Gm)- When dim(X) = 1, us- 
^ I ing the Tate duality theorem for abelian varieties over p-adic local fields, Lichtenbaum [1L1| 

proved that (|M)) is non-degenerate and induces an isomorphism 

(L) AoiX) ^ Hom(Br(X) /Br(A;), Q/Z). 

Tj- ■ Here Br(X)/Br(/c) denotes the cokernel of the natural map Br(A;) — > Br(X), and Aq{X) 

denotes the subgroup of CHo(X) generated by 0-cycles of degree 0. An interesting question 

I is as to whether the pairing (|M)) is non-degenerate when dim(X) > 2. See [PS] for surfaces 

CN ■ with non-zero left kernel. See [Y2J for varieties with trivial left kernel. In this paper, we are 

^ ■ concerned with the right kernel of (iMl) in the higher-dimensional case. 
\0 • 

O I 1.1. We assume that X has a regular model which is proper flat of finite type over the 

^ I integer ring Ok of k. It is easy to see that the pairing (IM)) induces homomorphisms 

>'. (1.1.1) CHo(X) — > Hom(Br(X)/Br(jr),Q/Z), 

>< ■ (1-1-2) Ao{X) — >Hom(Br(X)/Br(A;) + Br(jr),Q/Z), 

H ■ 

P_ ! where Br(X)/Br(A;) + Br(jr) denotes the quotient of Br(X) by the image of Br(A;) © 

Br(,^). If dim(X) = 1, then Br{J^) is zero, and the map (|1.1.2I) is the same as dLl) (cf. 
HCTOPL 1.7 (c)). Our main result is the following: 

Theorem 1.1.3. Assume that the purity of Brauer groups holds for ^ {Definition 11.7.11) . 
Then: 

(1) The right kernel of the pairing (|Ml) is exactly Br(<^), that is, the map (|l.l.ll) has 
dense image with respect to the natural pro-finite topology on the right hand side. 

(2) The map (|1.1.2I) is surjective. 
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Restricted to the prime-to-p part, the assertion (1) is due to Colliot-Thelene and Saito H CTSH . 
The assertion (2) gives an affirmative answer to IICT3II . Conjecture 1 .4 (c), assuming the purity 
of Brauer groups, which holds if dim(<^) < 3 or if ^ has good or semistable reduction (cf. 
Remark [l .7.21 below). Roughly speaking. Theorem 11.1.31 (1) asserts that if an element of 
uj E Br(X) ramifies along the closed fiber of then there exists a closed point x E X such 
that the restriction cu^ E Br(x) of cu is non-zero. Using the Cebotarev density theorem, we 
reduce the problem to its local variant. To be more precise, we prove the following result on 
the ramification of Brauer groups of henselian local rings: 

Theorem 1.1.4 (Corollary 13.1.21) . Let Y C ^ be the closed fiber o/ JT/Ofc and let U be a 

dense open regular subset of the reduced part of Y. Let xbe a closed point of ^ contained 
in U, and let be the henselization of G .%\x M its maximal ideal. Let Qx be the set of all 
closed points on Spec(Aa;[p^^]). Assume that k contains a primitive p-th root of unity and 
that the purity of Brauer groups holds for Spec(A). Then the map 

v&Qx 

is injective. 

The prime-to-p part of Theorem 11.1.41 follows from arguments in [CTSJ Remark 13.4.21 
below). We will prove the p-primary part of this local result using the computation by Bloch- 
Kato on p-adic vanishing cycles ( HBKL Corollary 1.4.1) and the Brauer group theory for 2- 
dimensional local rings established by the first author [ISTll . More precisely, because we deal 
with local rings which is not necessarily essentially smooth over 0^, we will generalize the 
Bloch-Kato theorem on p-adic vanishing cycles to a certain regular but non-smooth situation 
(see [J2] below). 

1.2. As an application of Theorem 1 1.1. 31 (2). we give an explicit calculation of Aq{X) for a 
potentially rational suface X/ k, a proper smooth geometrically connected surface X over k 
such that X := X 0k k is rational. For such a surface X, the map (11.1.21) has been known to 
be injective (see Proposition 15. 1.2l below). and hence bijective by Theorem ll. 1.31 (2). On the 
other hand, for such a surface X, we have 

Br(X)/Br(A:)^i7^,i(G,,NS(X)). 

Here NS(X) denotes the Neron-Severi group of X, and Gk denotes the absolute Galois group 
of X. Thus knowing the G^-module structure of NS(X), we can compute Aq{X) by deter- 
mining which element of Br(X) are unramified along the closed fiber of J^" . For example, 
consider a cubic surface for a E k^ 

X ■.T^ + Tl + T| + aTl = in = Proj(A:[To, Ti, T2, T3]). 

If a is a cube in k, then X is isomorphic to the blow-up of ¥\ at six /c-valued points in the 
general position (Shafarevich) and we have Aq{X) = 0. We will prove the following result, 
which is an extention of results in HCTSL Example 2.8. 

Theorem 1.2.1 (Theorem 15.1.11) . Assume that ordfc(a) = 1 mod (3) and that k contains a 
primitive cubic root of unity. Then we have 

Ao{X) ^ (Z/3)2. 
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In his paper HDaH . Dalawat provided a method to compute Ao{X) for a potentially rational 
surface X, which works under the assumption that the action of Gk on NS(X) is unramified. 
Theorem I 1 . 1 .Sl provides a new method to compute Aq(X), which does not requires Dalawat's 
assumption. Note that p may be 3 in Theorem ll.2.1[ so that the action of Gk on NS(X) may 
ramify even wildly. 

1.3. Let Ok be as before, and let ^ be a regular scheme which is proper flat of finite type 
over Ok- Assume that has good or semistable reduction over o^. Let d be the absolute 
dimension of ^ , and let r be a positive integer. In [SSI J, we proved that the cycle class map 

is bijective for any positive integer m prime to p. Here /i^ denotes the etale sheaf of m-th 
roots of unity. As a new tool to study CH'^~^(,^), we introduce the p-adic cycle class map 
defined in Il5a2ll . Corollary 6.1.4: 

Here %rin) = %r{n)_^: denotes the etale Tate twist with Z/p^Z-coefficients nSa2ll (see also 
nSchH . §7), which is an object of D^{^ , Z/p^Z), the derived category of bounded complexes 
of etale Z/p''Z-sheaves on This object Xj.(r2) plays the role of /x®", and we expect 
that Irin) agrees with Z{nY^ ®^ Z/p^Z, where Z{nY^ denotes the conjectural etale motivic 
complex of Beilinson-Lichtenbaum ( HBeH . IIL2II . nSa2ll . Conjecture 1.4.1 (1)). Concerning the 
map QpV^, we will prove the following result: 

Theorem 1.3.1. The cycle class map g^V^ is surjective. 

We have nothing to say about the injectivity of Qp^^ in this paper (compare with [Yl]). A key 
to the proof of Theorem 1 1.3. II is the non-degeneracy of a canonical pairing of finite Z/p''Z- 
modules 

Hl^-\^ ,%r{d - I)) X ff3,,(jr,X,(l)) ^ Z/p'-Z 
proved in [lSa2|, Theorem 10.1.1. We explain an outline of the proof of Theorem ll.3.1[ 
assuming that k contains a primitive p-ih. root of unity. Let Y , U, be as in Theorem 1 1.1. 41 
Let Xq and Yq be the sets of all closed points on X and Y, respectively, and let sp : Xq ^ Yq 
be the specialization map of points. By the duality mentioned above, there is an isomorphism 
of finite groups 

H^t'i^, %id - 1)) ^ H'y^,,i.^, %{l)r, 
where we put M* := Hom(M, Q/Z) for abelian group M. We will construct an injective 
map 

x&Uo 

whose dual fits into a commutative diagram 

CH'^-i( )M '"^ Hl'-'i^, %id - 1)) m^:^, %{!))* 



Z//Z 

x&Uo i;eSpec(Aa;[p-i])o 



(V)* 

{,rB,{AAp-W- 

xeUo 
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Here ippr denotes the direct product of the -torsion part of the map ip^ in Theorem ll. 1.41 for 
all X E Uq, which is injective by Theorem ll .1 .41 Thus Theorem 1 1 . 3 . 1 1 will follow from this 
commutative diagram and the surjectivity of (Opr)* and (ippr)* (see ^for details). 

1.4. This paper is organized as follows. In ^ we will study the structure of Brauer groups 
of certain regular local rings, using the computation on etale sheaves of p-adic vanishing 
cycles originally due to Bloch-Kato flBKII . In [J3l we will prove the key local result Theorem 
11.1.41 (see Remark 13.4.21 for the prime-to-p part). In ^ we will establish an unramified 
theory for Brauer groups of varieties over p-adic fields (cf. Theorem 14.2. 1[ Corollary 14.2.31) . 
In ^J5l we compute Aq of cubic surfaces to prove Theorem ll.2.1[ In ^J6]and ^ we will prove 
Theorem 1 1 . 1 . 3 1 and Theorem ll. 3. 1[ respectively. 

Acknowledgements. The research for this article was partially supported by EPSRC grant 
and JSPS Core-to-Core Program. The authors express their gratitude to Professor Ivan Fes- 
enko for valuable comments and discussions and to The University of Nottingham for their 
great hospitality. Thanks are also due to Professor Jean-Louis CoUiot-Thelene for helpful 
conversations and allowing them to include his note [ICT4II in this paper. 

Notation 

1.5. For an abelian group M and a positive integer n, nM and M/n denote the kernel and 
the cokemel of the map M M, respectively. For a field k, k denotes a fixed separable 
closure, and Gk denotes the absolute Galois group Gal(A;/A;). For a discrete G^-module M, 
H*{k, M) denote the Galois cohomology groups Hq^^^Gu, M), which are the same as the 
etale cohomology groups of Spec(A;) with coefficients in the etale sheaf associated with M. 

1 .6. Unless indicated otherwise, all cohomology groups of schemes are taken over the etale 
topology. For a commutatitive ring R with unity and a sheaf ^ on Spec(i?)et, we often write 

H*{R, ^) for H*{Spec{R), ^). 

1.7. For a scheme X, a sheaf ^ on X^t and a point x G X, we often write H*{X, ^) for 
i^*(Spec(^x,x)5 '^)- For a point x G X, k{x) denotes its residue field. We often write Xq 
for the set of all closed points on X. For a pure-dimensional scheme X and a non-negative 
integer g, X'^ denotes the set of all points on X of codimension q. For an integer n > and a 
noetherian excellent scheme X, CH„(X) denotes the Chow group of algebraic cycles on X 
of dimension n modulo rational equivalence; if X is regular of pure dimension d, we often 
write CH"(X) for CHrf„„(X). Finally we introduce the following terminology: 

Definition 1.7.1. Let X be a noetherian regular scheme. 

(1) For a closed immersion lz : Z ^ X with codimx(-Z^) > 2, we say that the purity of 
Brauer groups holds for the pair (X, Z), if /2'^i^Gm,x = 0. 

(2) We say that the purity of Brauer groups holds for X, if the purity of Brauer groups 
holds for any pair (X, Z) with codimx(-Z^) > 2. 

Remark 1.7.2. There are some known cases on this purity problem: 

(1) For a noetherian regular scheme X with dim(X) < 3, the purity of Brauer groups 
holds for X (liGal). 
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(2) For a noetherian regular scheme X and a prime number £ invertible on X, the purity 
of Brauer groups holds for X with respect to the ^-primary torsion part ( nRZ| - flThH. 

lEl). 

(3) For a regular scheme X over Fp, the purity of Brauer groups holds for X with respect 
to the p-primary torsion part ( UMiL [iGrl . llShl ). 

(4) Let p be a prime number, and let be a henselian discrete valuation field of charac- 
teristic zero whose residue field is perfect of characteristic p. Then for a smooth or 
semistable family X over the integer ring of k, the purity of Brauer groups holds for 
X with respect to the p-primary torsion part ([iSa21. Corollary 4.5.2). This purity fact 
is a consequence of a result of Hagihara [|Sa2ll . Theorem A. 2. 6, which relies on the 
Bloch-Kato-Hyodo theorem on etale sheaves of p-adic vanishing cycles ( flBKI - El). 
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2. Structure of Brauer groups of local rings 



Let p be a prime number, and let be a henselian discrete valuation field of characteristic 
whose residue field F is finite and has characteristic p. Let be the integer ring of k. 

2.1. Setting. Let ^ be a noetherian integral regular scheme of dimension at least 2 which 
is faithfully flat of finite type over S := Spec(Ofc). Let Y be the divisor on defined by the 
radical of (p) C i^r- We assume that k contains a primitive p-th root of unity (p and that 
satisfies the following condition: 

(2.1.1) The divisor Y d ^ is connected, principal and smooth over Spec(F). 

Note that the generic fiber X = ^ ^ smooth over Spec(fc), because k is perfect. Fix 
a uniformizer T of F on Throughout this section, we always work in this setting. 

2.2. Impure part of Brauer groups. Let l and j be as follows: 

Y "—^ X. 

For a point y on Y , let iy be the canonical map y -^Y . Put Gm := G^-. In this section, we 
are concerned with the following two etale sheaves on Y: 

Rh-G^{^ i*R^j,^^) and := L*R^],n'f. 

The first result of this section will be stated in the next subsection (see Theorem l2.3.3l below). 
Since ^ is regular, R^uG^ is a torsion sheaf. We define the impure part of Brauer groups 
as follows: 

J ■= Ker [r^'l G^ ^ 0^eyo i?^v(^^^^'<Sm)) , 
where for y E Y,iy denotes the canonical map y ^ Y. In fact, the following lemma holds: 

Lemma 2.2.1. For a closed immersion iz '■ Z ^ Y with lz '■ Z ^ Y ^ ^ , the natural 
map iz*R?i'z'G!ni — ^ -R'^i'Gm is injective, and we have 

^ = [J ZC"K, codimy(Z)>l Im (iz*R^Lz'^ra R^L'Gm) , 

where Z runs through all closed subschemes of Y of codimension > 1 in Y. Consequently, 
the purity of Brauer groups holds for 2J if and only if ^ = 

Proof. Let : Z — > F be a closed immersion, and let i}) be the open immersion Y\Z ^Y . 
Let be the composite map Z Y ^ . We have the following localization exact 
sequence of sheaves on Y^t. 

(2.2.2) R'^^,{xIj*Rl-G^) — > iz.RhzG^ — > Rh'G^ — > R^^,{tlj*RL-G^). 

To show the first assertion, we show that R^iI)^,{iI)*Rl-G^) is the zero sheaf. By the standard 
purity for Gm in [GJ, IIL6, we have 

(2.2.3) R^L-Gra = = R^L-Gra and R^L-G^ ~ Zy, 

and hence, i?^^*(?/'*i?t'Gm) — R^ip*'^Y\z = 0. The second assertion follows from the exact 
sequence (|2.2.2I) and a standard limit argument. □ 
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2.3. Structure of M^. We define the sheaf / on Y^t as follows: 

I:=py = Ker (^^ ^ ^) . 

The sheaf / ® L*j*fJ"p is regarded as a subsheaf of in the following canonical way. We 
have Fi^L'Gra — i*R^j*&x ^^'^ '^he following exact sequence: 

(2.3.1) (0 =)L*R^j,ff^ ^ L*R^j,fip — > L*R^j,^^ ^ L*R^J*^x^ 

where i*R^j^0'x is zero because ^^^Ip'^] ^ UFD for any x eY. Hence we have 

by the isomorphism L*R^j^jip ® i*j^iJip — M"^ (since Cp E k). We next define the descending 
filtration U* on of different arithmetic nature as follows. 

Definition 2.3.2. (1) We define the Milnor iT-sheaf ^^^/y on Y^t as 

where Z denotes the subsheaf of generated by local sections 

f^g with f,ge L*],ff^ and / + ^ = or 1. 

In what follows, we put := ^^/y for simplicity. 

(2) We define the etale subsheaf f/™J^*^ C J^*^ (m > 0) as the full sheaf J^^^ if 
m = 0, and as the subsheaf generated by local sections of the form 

{1 + / ■ T-, g} with / G .*%-and g e Cj^i?^ 

if m > 1, where T is the uniformizer of F C ^ fixed in §2.1[ 

(3) We define the filtration U'^ (m > 0) on NP as the image of ?7™ J^*^ under the symbol 
map J^*^ A'P of Tate-Bloch-Kato [iBK||, (1.2). 

Let e be the absolute ramification index of ^ along Y , that is, the order of p with respect 
to T. Put e' := pe/{p — 1), which is a positive integer divided by p by the assumption that 
Cp € k. The first result of this section is the following: 

Theorem 2.3.3. (1) We have the following canonical direct decomposition on Y^t'- 

(2) We have U'^' M"^ = 0, and for an integer m with < m < e', we have the isomor- 
phism 

f^y,iog©^y,iog (^ = 0) 

(2.3.4) gr™M=^(:= f/^MVf/^+^M^) ^ <^ fii- (0 < m < e', p/m) 

© ^y/(^y)^ (0 < m < e', p|m) 

g/ven the following, respectively: 

{9u92} + {T, gs} ^ id\og{g^) A rflog(^), rflog(^)) 
{1 + A ■ T-,^7i} + {1 + /2 ■ T-,T} ;A • rflog(^) - ■ df^ 
{1 + A ■ T'", + {1 + A ■ T"^, T} ^ ( A • rflog(^), A ), 
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where g\'s {resp. fx's) are local sections of t*Gtii {resp. 1*^^), <^nd gx {resp. fx) 
denotes the residue class ofgx in ffy {resp. the residue class of fx in Gy). We defined 
as the kernel of d : Qy ~* ^y- 

This theorem is due to Bloch-Kato if is smooth over S (cf. flBKII . Theorem (1.4)). Our 
result is a generalization of their arguments to the situation in (2.1.1). Using Theorem l2.3.3[ 
we will prove Theorem 12.6.21 below, which will play important roles in this paper. We prove 
Theorem |233] in ^ CTtiO 

Remark 2.3.5. In our proof of Theorem l2.3.3l we will use the Bloch-Kato theorem for strict 
henselian discrete valuation fields [BKJ, Theorem (5.12) and the Merkur'ev-Suslin theorem 
HMSH for fraction fields of strict local rings of at points of codimension 2 (see Lemma 
[2A7] below). 

2.4. Preliminary on Theorem 12.3.31 We prove two lemmas (Lemmas 12.4.11 and 12.4.71) . 
which will play key roles in our proof of Theorem l2.3.3[ We first show the following: 

Lemma 2.4.1. Put := / pJ(f.^ , and define the filtration U* on as the image of 
U'J(f2^. Then the following holds: 

(1) WehaveU^'L"^ = 0. 

(2) For m with < m < e', there is a well-defined surjective homomorphism 



respectively, where gx's (resp. fx's) are local sections of i^y {resp. of i^y), <^nd gx 
{resp. fx) denotes a lift ofgx to L*Gm (resp. a lift of fx to i*^^)/or each X. 



because is strictly henselian. Hence we have W^' L'^ = 0. 

(2) The well-definedness and the surjectivity of for m > 1 is due to Bloch-Kato fBK], 
(4.3), Lemma (4.5), (4.7). We prove the well-definedness and the surjectivity of Qq. We define 



© Gyl{GyY (0 < m < e', p\m) 
given by 




{d\og{gi) A d\og{g2), d\og{g3)) ^ {gi, g2} + {T, g^} 
f,.d\og{g,)^{l + h-T"^,g^} 



(/i ■ d\og{g,), f,)^{l + f,. T'", g,} + {1 + /2 . T'", T} 



Proof. (1) For y and / G there exists g G ff^^j satisfying 

1 + / . T^' = (1 + ^ . r^/(p-i))p, 




We define the homomorphism 

(2.4.2) a : J^J © Gm,y — > gi^J^^ 
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of sheaves on Y^t as 

{{91,92}, 93) ^ {91,92} + {T, ^3} + f/' 

where ^f^'s and ^'s are the same as those in Lemma [2.4.1I (1). One can easily check that a 
is well-defined and surjective by an elementary computation on symbols. Now a induces the 
map 

(2.4.3) ^2x/P'^2f © ^y,iog Sr'uL', 

which is surjective as well. Thus we are reduced to the following lemma: 

Lemma 2.4.4. The differential symbol map dlog : / P'^2X ^yiog '■^ bijective on F^f 

Proof of Lemma |2. 4. 4\ Let y be an arbitrary point on Y and let R be the strict henselization 
of the local ring i^y ^ at its maximal ideal. Our task is to show that the map of stalks at y: 

dlog : K^'{R)/pK^\R) ^ n^,,^ 

is bijective. This follows from a theorem of Bloch-Gabber-Kato |BK|| . Theorem (2.1) (see 
also HCTSSL p. 777, Theoreme) and the following classical result due to Stein, Matsumoto, 
and van der Kallen (cf. [jS3, Theorem 1.14, p. 17, Remark): 

Lemma 2.4.5. Let B be a local ring. Then the Steinberg symbol map 

s : K^\B) K,{B) 
is surjective, which is bijective if B is afield or the residue field of B has at least 5 elements. 
This completes the proof of Lemma [2. 4.41 and Lemma [2. 4. 1[ □ 

Remark 2.4.6. The map (12.4.21) is bijective. Indeed, one can check the injectivity by the 
section 

■ — ^ ® Gm,r 

{g^.g^} + {T,g^} + f/^JT/^ ^ ({^,^},^), 

where g\^ and ^'s are the same as in Theorem 12.3.31 (2). Consequently, (12.4.31) is also 
bijective. 

Lemma 2.4.7. We have {U'^IVP)y = {M'^)yfor any point y eY with codimy (y) < L 

Proof. The case y E Y^ is due to Bloch-Kato ]BK| . Theorem (5.12). Let y be a point in Y^, 
and put A := G'^y. Let K be the fraction field of A. Our task is to show that the symbol map 

(2.4.8) K^\A\p-^\) E\A\p-\ /if) 

is surjective. We prove that this map naturally factors through the Steinberg symbol map: 

(2.4.9) K^\A\p-^\) ^ KM\v-^\) ^ H\A\p-\y.f), 

and that t is surjective; the surjectivity of s is an easy exercise using Lemma [2.4.51 and left 
to the reader. Since is a PID, we have the following exact sequence coming from the 

localization sequence of algebraic i^-groups: 

KM{v-'\) — K!l\K) ^ k{vY — 0, 
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where Q denotes the set of all closed points on Spec(yl[]9 ^]) and 5 is given by tame symbol 
maps. Now consider the following commutative diagram with exact rows: 



(2.4.10) 



(*) 



®v hi p 



where 5' denotes the boundary map of Galois cohomology groups, and the exactness of the 
lower row follows from the smooth purity in characteristic 0. The injectivity of (*) follows 
from the fact that is a PID containing a primitive p-th root of unity. The vertical 

maps are Galois symbol maps (cf. BKI, p. 608, see also loc. cit., p. 610, Lemma 1 for the 
commutativity). By this diagram, we obtain the map t in (12.4.91) decomposing (12.4.81) . Finally, 
t is surjective, because (Bv h\ p is injective and h^^^ is bijective by the Merkur'ev-Suslin 
theorem PMSH . Thus we obtain Lemma [2.4.7[ □ 



2.5. Proof of Theorem 12.3.31 We begin the proof of Theorem 12. 3. 3[ Let r] be the generic 
point of Y, and let Kjj be the fraction field of We first show Theorem [233](2). Note 

that U^'W^ = by Lemma [23J](1). By Lemma[i33](2) and [EH, Lemmas (5.2), (5.3) for 
Kif^, we have the following composite maps of sheaves for < m < e': 

^y,iog © fiy,iog ^ g^uM^ i,.t;gT^M' ^ i,*{^lio, © ^iiog) ^'^^ = 0)' 
Q'y ^ gi^M' ^,*^;gT^M' ^ z.^fij (if p/m), 

(if m 7^ 0, p|m). 

These maps are injective by the smoothness of Y. Hence we obtain Theorem l2.3.3l (2) by the 
surjectivity of Qm- Next we prove Theorem l2.3.3l (l). Put 

J := Ker (M^ ^ i^^t^M^) . 

By the proof of Theorem [233] (2), we have 

(2.5.1) U°M^nJ = 0. 

The problem is reduced to the following: 

Proposition 2.5.2. (1) = U^M^ + J. 

(2) We have J = 1® subsheaves ofM. 

We prove this proposition in what follows. 

Proof of Proposition 12. 5. 2] (1) Define the filtration (m > 0) on as the inverse image 
of ir,J*U"'M'^ under the canonical map inJ*^'^. We have f/^M^ c V^M^ and 

= J by definition, and V^M"^ = by Lemma [2.4.7l for i]. The assertion is reduced 
to the surjectivity of the natural map 

(2.5.3) m'" : gr^M^ gr^M^ 
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for any m with < m < e'. Indeed, once we show this surjectivity, we will obtain 
= 1/°M2 = f/°M2 + V^M^ = U'^M^ + {U^M^ + V'^M'^) = 
■■■ = U'^M^ + V^'M^ = U'^M^ + J. 
We prove the surjectivity of (I2.5.3I) . For m with < m < e', consider the following maps: 

where f denotes the natural injective map obtained from the definition of V'M'^, and 5™ 
denotes the boundary map of a localization long exact sequence. By Theorem 12.3.31 (2) and 
the smoothness of Y, the sequence 

is exact. To prove the surjectivity of m^(= (I2.5.3I) ). it suffices to check that the composite of f ™ 
and 5™ is zero. We show that the stalk of 5^ o is zero at any point x eY. Indeed, we are 
reduced to the case a; G by llSaTl . Lemma 4.2.2, and then we have {U"'M% = {V"'M% 
by Lemma [2. 4.71 which implies that (5™ o t>™)^ = 0. Thus we obtain Proposition l2.5.2l (l). 
(2) Put = and 

^ := Ker {Rh-G^ tr,j;Rh-G^) . 
By definition, we have J" d ^ and (p^) ® L*j*fJ'p = J (see also (12.3.11) ). Hence 

(2.5.4) / ® t*j>p = (p^) ® L*j^fip C (p^) ® 6*j>p = J 

as subsheaves of M^, and our task is to show the inclusion J^p.tors ^ g/p-tors- We prove this 
inclusion in what follows. We put ^ := R'^l'G^, and define the coniveau filtration N*^ on 
^ as follows. We define A^°^ to be the full sheaf For u > 1, we define 

iV''^ := U Im ^) , 

ZCY: codimy(Z)>;/ 

where Z runs through all closed subschemes of Y with codimy (Z) > u, and iz denotes the 
closed immersion Z ^ Y. Since = it suffices to show the following two claims: 

Claim, (i) We have (A^^^)p.tors = (A^^=^)p-tors. 
(ii) We have N^^ C ^. 

Proof of Claim, (i) Because ^ is a torsion sheaf, we have 
Since A^^^ = we have 

where for a point y EY,iy denotes the canonical map y ^Y . Our task is to show that the 
stalk {p^)y is zero for any y eY^. We have 

V — p ® ^ j*l^p J 
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by the last equality in (12.5.41) and the assumption that C^p E k. On the other hand, Jy is zero 
for any y eY^ hy (12.5.11) and Lemma l2.4.7[ Hence {p^)y is zero for any y eY^. 

(ii) For a closed subscheme iz '■ Z ^ Y with lz '■ Z ^ Y ^ ^ , there is an exact 
sequence of torsion sheaves on Z^t 

(2.5.5) Rh'r,G^ ^ i-zRh'Gm{= %z^) — > (i?=^4Zy)tors, 

which is obtained from the Leray spectral sequence 

and the standard purity (|2.2.3I) (see Lemma [2.2. II for the injectivity of (*)). The last sheaf in 
(|2.5.5I) is zero if codimy(Z) > 2, because we have a long exact sequence of sheaves 

> RHzQy — ^ R^izQ/^Y — ^ R%Zy — ^ R^izQv — ^ ■ • ■ 

and the sheaf R^izQ/Zy is zero by the purity of branch locus (cf. llGrll . II, (3.5.3)). Now we 
show the inclusion N'^^ C Take a local section a E N"^^ . By the definition of N'^^ , 
we have a = iz*{b) for some iz '■ Z ^ Y with codimy(Z) > 2 and some local section 
b E i'z^ ■ Since h belongs to -R^i^Gm by the above facts, a belongs to by Lemma [2.2. II 
This completes the proof of Claim (ii). Proposition [23^(2) and Theorem l2.3.3l □ 



2.6. Arithmetic filtration. Let x be a point on Y , let A be the henselization of the local ring 
Gx.x at its maximal ideal, and let be the strict henselization of A at its maximal ideal. 
In this subsection, we are concerned with the structure of the group pBr(y4[l/]9]). Because 
A\y /p] is a UFD containing a primitive p-th root of unity Cp, we have isomorphisms 

,Br(A[l/p])^g^(A[l/p],/.,) : H\A\\lvl^') =: h\A\v-'\). 

We define a descending filtration U* on h?{^A\p~^\) as follows. 

Definition 2.6.1. (1) For m with < m < e', we define t/'"/i^(yl[p^^]) as the inverse 
image of (U'^M^)^ under the restriction map 

: h\A[p-']) H\A^[p-\ fif') = {M%. 

(2) For m > e' + 1, we define U'^h'^{A[p-^]) := 0. 

By definition, we have gifj h'^{A[p^^]) = KeT{rx). The following result will play key roles in 
the next section: 

Theorem 2.6.2. For < m < e' we have isomorphisms 

(^%,ios®^hog (m = 0), 

9,]^ (0 < m < e', p/m), 

^r/^r © R/R'' (0 < m < e', p\m), 

^{pBi{x) ® H^ix,Z/pZ)) ® fXp{k) (m = e'), 

where we put R := A/(T) (see §2.1 [ for T) and wrote Q% and ^R iogfor 

r(Spec(i?),fiy|spec(ii)), r(Spec(i?), ^y|spec(i?)) and r(Spec(/?),fiyi |spec(ij)), 



(2.6.3) gT^h\A[p-']) ^ <^ 
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respectively. Further if x is a closed point on Y, then we have a canonical direct decomposi- 
tion 

h\A[p-']) ^ U'h\A[p-']) © {{hf-®ii,{k)) , 

where Gx denotes the absolute Galois group ofn{x), and I denotes the sheaf on Y^t defined 
in D 

We first show the following lemma, where we do not assume that x is a closed point on Y: 
Lemma 2.6.4. (1) There is a short exact sequence 

pBiix) ® H\x,Z/pZ) ^ H\A[p~'], fip) ^ H''{Ax[p-\ fipf- ^0. 

(2) Let Aj^^ (resp. Aj^) be the henselization of A (resp. A-^) at the prime ideal TA (resp. 
TAx). Let Tjx {resp. rjx) be the closed point of Spec{A^^) (resp. Spec(y4^)). Then 
there is a short exact sequence 

H\x,Q/Z) — . Hl{A,^,G^) Hl{A^,G^f- 0. 

Proof of Lemma \2.6.4\ (1) Consider the short exact sequence 

H'gAG., {A^[p'']r/p) H\A[p-'l f,,) H\A4p-%f,,f'^ — . 
obtained from the Hochschild-Serre spectral sequence 

= H^^,{Gx,H^{A^[p~'],fir>)) =^ H^+^{A[p-'],f,,), 
and the fact that cdp(Gx) = 1. We calculate the first term in this short exact sequence. Let 
^A-[p-i] '•^^ subgroup (1 + T ■ Ax) of and let be the strict henselization 

of R at its maximal ideal. By an easier variant of Lemma [2.4.1l we have the following short 
exact sequence of discrete Gx-modules: 

f/A,[p-i]/p {A^[p-']r/p © z/pz 0, 

and f/^_[p-i]/p is a finitely successive extension of additive G^-modules. Hence we have 

HUG., iA^[p-']r/p) ^ H'UGx, fi),,,iog) © H'UGx, Z/pZ). 
The assertion follows from the following fact ([Ol, I, CoroUaire 6.2, II, CoroUaire 2.5): 
HkiiGx, ^ H\R, fi^,ioglspec{ij)) ^ pBr{R) ^ ,Br(x). 

(2) One can check the assertion by calculating the Hochschild-Serre spectral sequence 
= HUGx,Hl^{Arf^,Gm)) =^ Hl^^''{An^,Gm), 
using the standard purity (12.2.31) . The details are straight- forward and left to the reader. □ 

Proof of Theorem \2.6.2\ The isomorphism (12.6.31) for m = e' follows from Lemma [2. 6. 41 (1). 
The isomorphism (12.6.31) for < m < e' follows from Theorem 12.3.31 (2) and the fact that 
{U^M'^)x is a finitely successive extension of additive G^-modules. Next we prove the direct 
decomposition. Assume that x is a closed point on Y. Then since k{x) is finite, we have 
Br(x) = and a commutative diagram with exact rows by Lemma [2. 6. 41 

(2.6.5) ^H\x,Z/pZ) ^H\A[p"%fip) "-^ H\A^[p-'], fi^f^ -0 



/i 



/2 



H\x, Z/pZ) p {Hl{A,^,G^)) p {HliAr^, G^f^) 
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where /i and /2 are the following composite maps, respectively (cf. (12.3.11) '): 

h : H\A^[p-%iJi^) = ^H\A^[p-\G^) 

Note that Ker(/2) ~ (/x)"^" by the definition of / and the fact that Br(A^) ~ Br(^) = 0. 
Hence applying the snake lemma to (|2.6.5I) . we obtain Ker(/i) ~ {h)^"^ and a canonical 
injective map 

{h)<'-®^^^{k)^ ^h\A[p-^]). 

Finally by Theorem [2.3.3l (l) and a diagram chase on the diagram (|2.6.5|) tensored with Hp{k), 
one can easily check that 

U'h\A[p-']) + {{hf^^fi,{k)) = h\A[p-']), 

u'h\A\p-'])n{ii^f-^^p{k))=o. 

This completes the proof. □ 

Corollary 2.6.6. Let A^j^ be as in Lemma \2.6.4\ and assume that x is a closed point on Y. 
Put Kjj^ := Frac(A^^) = y4^^[p"^]. Then the following natural map is injective: 

Proof. Define the filtration U"'' (0 < m < e') on li^iyK^J) as the inverse image of {U'^M'^)^!^ 
under the natural map h'^{Kn^) — > (M^)^^, where r] denotes the generic point of Y. For 
< m < e', the induced map gi^ h'^(A\p^^]) gi^h'^{KriJ is injective by Theorem 
[233](2 ). The map U^' {A[p-^]) U^'h'^{Kr,J is injective by (12331) for m = e' and 
Lemma 12231(2). " □ 

Remark 2.6.7. We mention here the relation between the isomorphisms in (12.6.3!) and symbols 
in Ki'^{A[p-^]). We define 

U'K^'iAlp-']) ■.= K^'{A[p~']), 

and define {A[p~^]) (m > 1) as the subgroup generated by symbols of the form 

{1 + / ■ T™, g} with feAandge iA[p-']r . 

We define the filtration U^^ (m > 0) on h'^{A[p'^]) as the image of U"" {A[p~'^]) under 
the symbol map K2\A[p~^]) h'^{A[p^^]). Then we have 

U:;^h\A[p~']) C U'^h'iAip-']) (0 < m < eO 

by definition. By the same arguments as for Lemma [2.4.1[ we obtain 

U:yL'h'iA[p-']) = U^'^'h'iA[p~'])=0 

.2, .r.-m „„™.2, ,r.-in ^i^R (0 < m < e' , p)(m) 



r-^^h\A[p-']) ^ gr^h\A[p-']) 



n]^/Z\®R/RP (0 < m < e', p|m). 



By more detailed calculations, one can show that 

gT^^^^h\A[p-']) ^ gT^h\A\p-']) 

for m = 0, e' as well (hence U^^h^ {A[p^^]) = U^h'^{A[p^-^]) for any m > 0), but we will 
not use this fact in this paper. 
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3. Key theorem for Brauer groups of local rings 



In this section, we are concerned with a local ring A satisfying the following condition: 

A is obtained by the henselization of a regular scheme 2J satisfying the 
conditions in §2.11 at a closed point of characteristic p. 

Note that v4[p^^] contains primitive p-th roots of unity. Put br(y4[p~^]) := pBr(y4[p^^]), and 
fix a primitive p-th root of unity (p E A[p^^] . 

3.1. Let br''(yl[p"^]) be the image of U^h'^{A[p~'^]) (cf. under the composite of iso- 
morphisms 

h\A[p-^]) = H\A[p-^],f^f) ^^t^^ . H\A[p-'], f,p) ^ hT{A[p-']). 

Note that br'^(A[p"^]) does not depend on the choice of (p. The aim of this section is to prove 
the following key result. 

Theorem 3.1.1. Let A be as above, and let Q be the set of all closed points on Spec{A[p^^]). 
Then the specialization map 

hT''{A[p-^]) > Y[ hT{v) 

veQ 

is injective. 

We will prove Theorem 13. 1.1 1 in § §3.2l - [J4l below. The following direct consequence of The- 
orem [STLT] and Theorem 12.6.21 will be used in the proof of Theorem ll.3.1l (see ^|7]below). 

Corollary 3.1.2. Let A and Q be as above, and assume that the purity of Brauer groups holds 
for Spec (A). Then the specialization map 

Br(A[p"^])p.tors ^ JJ Br(f )p.tors 

is injective. 

The prime-to-p variant of Corollary 13.1.21 will be mentioned at the end of this section (see 
Remark [3.4.21 below). Before starting the proof of Theorem 13. 1.1[ we explain an outline of 
the proof. We will prove Theorem 13. 1.1 1 by induction on dim(A) > 2. More precisely, for a 
given A satisfying with dim(A) > 3, we will construct a subset P of prime ideals of A 
of height 1 for which the residue ring Bp := A/p for any p G P again satisfies and for 
which the specialization map 

hT^{A[p-']) H br^(5p[j9-i]) 

is injective (note that the subgroup br*^ C br is functorial by definition). By the transitivity 
of specialization maps, this argument reduces Theorem 13. 1.1 1 to the case dim(74) = 2. We 
construct such a set of prime ideals assuming that dim(y4) > 3 in §3.2l (see Proposition l3.2.3l 
below). The case dim(y4) = 3 is more delicate and will be treated in §3.3l (see Corollary l3.3.2l 
below). Finally in §3.41 we will prove the 2-dimensional case using results in lISTI . 
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(3.2.1) gTljh\A[p-']) 



3.2. Reduction to the 3-dimensional case. We reduce Theorem 13 . 1 . 1 1 with dim(A) > 3 
to the 3-dimensional case. Since br'^(A[p~^]) is isomorphic to h'^ (A[p~^]) by definition, 
we investigate U'^h'^{A[p^^]). Fix a prime element T E A which generates the radical of 
(p) C A. We define the arithmetic filtration [i > 1) on h"^ (A[p^^]) using this T (see 
§2.61) . Let R be the residue ring A/(T), and let e be the absolute ramification index of A, i.e., 
the order of p with respect to T. Put e' := pe/ (p— 1). We have = and the 

following isomorphisms for < i < e' by Theorem l2.6.2l (see also Remark [2. 6. 71) : 

^'r {0<t<e', {p,i) = l), 

ny^^ © R/RP {0<t< e', p\i), 

^H\¥g,Z/pZ)®fip{k) {t = e'), 

where ¥g denotes the residue field of A. Now put r := dim(A) — 1, and fix prime elements 
Xi, X2, . . . , Xr E A such that {T, Xi, X2, ■ ■ ■ , Xr) is a system of regular parameters of A. 
Let Pq C Ahe the subset of polynomials in Xi, X2, . . . , Xr with Z-coefficients whose con- 
stant term is zero and whose linear part is non-zero. For each / E Pq, the residue ring A/ (/) 
is an integral r-dimensional henselian regular local ring with residue field satisfying 
(its regularity can be checked by counting the dimension of its cotangent space), and T + (/) 
generates the radical of (p) C A/ (/). In particular, an arbitrary contained in Pq is a prime 
element of A. Now we define the equivalence relation ~ on Pq by the law that fi ~ /2 iff 
fi = u - f2 for some u E A^ . Put P := Pq/ ~, which corresponds to a subset of prime ideals 
of A of height 1 . For a prime ideal p E P, put 

5p := A/p, Tp := T + p G 5p and Cp := B^/{T^) = R/pR. 

We define the arithmetic filtration U' on h'^(Bp[p^^]) using the prime element Tp E Bp (see 
§2.61) . By definition, the specialization map h'^(A[p^^]) h'^{Bp[p~^]) preserves U* and 
induces the following map for each i with < z < e': 

gTljh\A[p-']) ^ gTljh\Bp[p-']). 

We first note the following standard fact: 

Lemma 3.2.2. Suppose that dim(A) > 3, and let a be an integer with < a < dim(A) — 2. 
Then the specialization map of differential modules 

— n 

is injective. 

Proof. This is directly shown by taking p = (Xj — with j 7^ j' and m = 1, 2, . . . . □ 

Proposition 3.2.3. Suppose that dim(A) > 3. Then for any i with < i < e' the specializa- 
tion map 

: gr\jh\A[p'']) n ^^uh\Bp[p-^]) 
peP 

is injective. Consequently, the specialization map 

peP 
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is injective. 

Proof. By (13.2.11) for i = e', 9^' is injective, because the residue fields of A and Bp are the 
same. Next suppose that i < e! . Then the groups on the both hand sides of the map 6*, 
are described by differential modules of R and Cp, respectively, by (13.2.11) . Because Qi is 
compatible with the specialization of differential forms, it is injective by Lemma [3.2.21 and 
the fact that 2^^ is a subgroup of This completes the proof. □ 

Thus Theorem 13.1.11 with dim(A) > 3 is reduced to the 3-dimensional case. 

3.3. Reduction to the 2-dimensional case. We reduce Theorem 13.1.1 1 to the 2-dimensional 
case. Let the notation be as in the previous subsection, and suppose that dim(y4) = 3. Lemma 
l3.2.2l together with (13.2.11) implies that the map 6i in Proposition l3.2.3l is injective if z = e' or 
if < z < e' with p)(i. If z = 0, then the restriction of 6q to Q}^ is still injective: 

If < i < e' and p\i, then the restriction of 6i to R/ Rf is also injective: 

R/RP^gr)jh\A[p-']) Y\,eP g^\jh\B,[p-^]) ^ U,eP C,/{C,Y. 
Thus it remains to deal with the following subgroups in case dim(A) = 3: 

^??„iog C gilh\A[p-^]) and 
^yj^^ C gi\jh^{A[p-^]) with < i < e' and p\i. 

These subgroups are treated by a subset of prime ideals of height 1 which is different from 
P. Let Xi, X2, T G A and e be as in ^j3]2](note that r = 2). For integer m > 0, put 

B^:=A/{T-XT). 

It is easy to see that Bm is a 2-dimensional henselian regular local ring satisfying and 
that Xm '■= Xi + {T — G B^ generates the radical of (p) C B^ (hence the absolute 
ramification index of B^ is m ■ e). In particular, T — X™ is a prime element of A which does 
not belong to P. Now let us define the arithmetic filtration U* on h'^ {Bm [p^^] ) using the prime 
Xm G Bm- Since T = (xm)™" in Bm, the specialization map h'^{A[p^^]) h'^{Bm[p^^]) 
induces the following maps: 

U'h\A[p-']) U^'h'{Bm[p-']), 

gi\jh\A[p-']) t/™/[/™(^+i)/i2(5„[j9-i]), 

where for integers 6 > a > 0, /U''h'^{Bm[p'^]) denotes U^h'^{Bm[p~'^]) /U''h'^{Bm[p'^]). 
We investigate the following composite map for integers i,m > with < i < e' and p\i: 

n,^m : ^ gT\jh\A[p-^]) -f/™/f/™(*+i)/i2(5,„[p-i]) 

and the following composite map for m > 0: 

ro,m : ^^|,iog ^ gTlh\A[p-^]) — U^/U-^h\Bm[p-']). 
The following proposition will reduce Theorem [3.1.1l to the 2-dimensional case: 
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Proposition 3.3.1. (1) Let i be an integer with < i < e' and p\i. Then the map 

oo 

m=2 

defined as the product of {'iTi m}m>2, is injective. 
(2) The map 



^0 : ^ho, — ^ n UyU-h\B4p-']), 

m=2 

defined as the product o/{ro,m}m>2. is injective. 
Corollary 3.3.2. The specialization map 

oo 

is injective. 

We prove Proposition 13 . 3 . 1 1 in what follows. We define the elements x,y G Ras 

x:=Xi + (T) and y := X2 + (T). 

Put 

C := R/{x) and z := y + (x) e C. 

For m > 0, put 

x„:=Xi + (T-Xr) g5^. 

Note that Bm/ (xm) — C for any m > and that 2; is a prime element of C. We start the 
proof of Proposition 13 .3 . 1 1 ( 1) . Fix a positive integer i with < i < e' and p\i. For integer 
u > 0, put 

F^n],:=x''.n],, and F^(r]yj-«^) := (F^^U C 
These filtrations are not finite, but exhaustive, i.e., 

fl F-^n], = = fi F^n],/^^), 

i/>0 u>0 

because F''(f2)j/J^) C x'^~^ ■ Hence it is enough to show that 

(3.3.3) Ker(n™t!2 Hn?) C F''+\Qj,/^^) for > 0. 
Here Y[n'!'=2 means the map 

^r/^r n U'^yU'^^'^'^h'iBmip-']) 

m=2 

induced by vrj ^ with m = 2, 3, . . . , z/ + 2. We compute the filtration F*(fi^/ J^) in Lemma 
13.3.61 below and then prove this inclusion in Lemma [3.3.81 below. For z/ > 0, we have the 
following exact sequence of C-modules: 

(3.3.4) — >C ^ gr^fi^ ^ fi^ — . 0, 
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where and (3^, are defined as follows: 

a,y{a) := ax^dx + F'^^'^n]^ (a E R, a = a + (x) E C) 
Puix^iadx + bdy)) := bdz {b E R, b = b + (x) E C). 

Let 

(3.3.5) -f,:C -^giU^]i/^^), a^ax''dx+iF'+^n]i + ^^) 

be the map induced by a,^. We prove the following lemma: 

Lemma 3.3.6. For u > 0, the following holds: 

(1) ■ju annihilates C^. 

(2) Ifp/({iy + 1), then is zero. 

(3) Ifp\v,thengi-^{n\/^},) = Q. 

Proof. (1) follows from the fact that d^aPx^'dx) = in Vl\. 

(2) If z/ + 1 is prime to p, then we have 

ax dx = da + d [a E R) 

v + l J 

in Vl\^. Hence ax^dx E F^^\i is contained in Y^^^iVt^^ + and is the zero map. 

(3) Let E be the completion of R at its maximal ideal. We define the filtration F* on 
Vt\/ in the same way as F*(f2^/S^) using x E S. Because E'^ is faithfully flat over R^ 
and F'^(fiyj^i) ®rv E^ ~ ¥"{^^1^^), it suffices to show that gi'^{n\/^^) = for any 
u with p\u. Let D be the following subring of E: 

D:=FjylcF,|a;,yl = E, 

where denotes the residue field of E. Let to = ax^dx + bx^dy E F'^fi^ with a,b E E. 
Take f E D and g E E such that b = f + xg. Then u = ax^dx + fx^dy mod Y^^^Vt^,. 
Since f E D = ¥q [y], we have d(fdy) = in Hence if p\u, then fx^dy belongs to 2^^, 
and 

= ax^dx mod F'^+^fi^j + J^^. 
Thus (3) follows from the same argument as (2). □ 
We turn to the proof of the inclusion (13.3.31) . We compute the map 

TT,,^ : fiy ^ ™ ^ gi\jh\A[p-^]) f/™/f/-(^+i)/i2(i?^[p-i]) 

using the filtration F' on For z/ > 0, vr^,^ sends ax''d\og{b) ^ E 

with aER and 6 G -R^ to 

(3.3.7) |l + axr+^&} + f/'"(*+^)/i'(i?^b-^]), 

where a G -Bm (resp. 6 G (-Bm) ^ ) denotes the residue class of a lift of a to A (resp. the residue 
class of a lift of 6 to A ^) (cf. Remark [2.6.7l) . Hence we have 

7r,,„(F'^(fiyj^^)) C t/™^+7f/"^(*+i)/i2(fi^[p-i]) for m>v. 

If m > 1/ + 1, then vTj „ induces a map 
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On the other hand, if m > z/ + 2 and p\{i^ + 1), then we have 
by Lemma [3.3.6l (3). so that vTj „i induces the following map: 

By Lemma [3.3.6I (3). the inclusion (13.3.31) in question is reduced to the following lemma: 

Lemma 3.3.8. Let v and m he positive integers with pj^v. 

(1) Ifm > z/ + 1 andpliy + 1), then Qi^ra,v is bijective. 

(2) Ifm > z/ + 2 andpKu + 1), then gi^rn,u is bijective. 



Proof of Lemma l3. 3. 8\ Put := m ■ e, := pCm/ {p — 1) = m ■ e' and s := Xm G -B^j for 
simplicity. Note that is the absolute ramification index of Bm- 

(1) Note that mi + u < e'^ and pjfmi + v. Consider the following diagram: 




where (^™+'^ is the inverse of the isomorphism (13.2.11) for Bm'- 



mi+u I 



a ■ d\og{b)) = {1 + as™+^ b} + U 



mi+u+l l2 



h\B„,[p^']) 



with a E Bm (resp. h E {Bm)^) a lift of a G C (resp. h E C^). The arrow 5^, is the surjective 
map induced by the exact sequence (13.3.41) and Lemma [3.3. 61 (2): 

5^{a ■ dz) =a' ■dy + (F^^+^fi^j + ^i), 

where a' E R denotes a lift of a G C. This diagram is obviously commutative, and hence 
Qi^rn,u is bijectivc. 

(2) Note that mi + v + l < e'^ and p\mi + v + l. The map (3^ : grpl^^lj) ^ (cf- (13.3.41) ) 
factors through grp(r2)j/S}J) by the following commutative diagram: 



13^ 



gT^^+''h\Bm[p-']), 



where (^™+'^ is the same as in the proof of (1). Let 

be the map obtained by factorizing P,^. The existence of and the exactness of (13.3.41) imply 
the exactness of the upper row in the following diagram whose lower row is obviously exact 
and whose commutativity will be proved below: 



C/C^ 



■mi-\-L' /rrmi-\-L'-\-2 i2 



yu 
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Here is the inverse of the isomorphism (13.2.11) for Bm'. 

¥P™+"+i(a) := {1 s} + U"''^''+^h\B^rn[p-']) 

with a e Bm (resp. h E {BmY) a lift of a G C (resp. h e C^) (note that ^ = 

0). Therefore once we show the commutativity of this diagram, we will have obtained the 
bijectivity of Qi^m.u- The commutativity of the right square follows from the construction of 
e^. We prove the commutativity of the left square for a E C/C^. The case a = is obvious. 
Assume that a 7^ 0. By definition (cf. (13.3.51) . (13.3.71) ). we have 

Q^,m,u O 7.(«) = {1 + a{l + 1 + S} + f/™+'^+2/l2(5„[p-l]), 

where a E Bm denotes a lift of a, and we have used the equality 

ax" dx = ax" {I + x) d\og{l + x) in Y"{n\/^^) 

(note that 1 + x E R^). Let Km be the fraction field of the henselization of Bm at the prime 
ideal (s) = {xm), and put 

h\Km) ■.= H\Km,C)- 

We define the subgroup U"^^~^"~^'^h'^{Km) C h'^{Km) in the same way as for the proof of 
Corollary 12. 6. 6[ using the prime s. Since the natural map 

U^IU--^+-+^h\Bm[V-']) h\Km)/U'^'+"+^h\Km) 

is injective (cf. Proof of Corollary 12.6.61) . it suffices to show the congruity relation 

(3.3.9) {1 + a(l + 1 + s} = {1 + as™+"+\ s} mod V^'+^^^h^Km) 

in h'^(Km)- To prove this relation, we first show 

{1 + ail + 1 + s} = -{1 + -as"^'-^"} mod W^'+'^^h^Km). 

Put c := mi + u. Indeed, we have 

{1 + as%l + s),l + s} = -{1 + as'il + s), -as"} = -{1 + as'^+^l + as'y\ -as'} 

i -{l + as'+\ -as""} mod U'+^h\Km), 
where (1) and (2) follow from the following equalities in h'^(Km), respectively: 

(1'): {l + vw,v} =—{l + vw,—w} {v,wj^O, vw —1), 

{2') : {1 + w + v,-w} = {1 + v{l + wy\ -w} (u; 7^ 0,-1, w + v -1) 

and the congruity (3) follows from Theorem l2.3.3l (2) (note that c+ 1 < e^). Hence we obtain 
the congruity (13.3.91) in question again by the equality (1') with v = s and w = as"^^^". Thus 
we obtain Lemma [3. 3. 8[ (|3.3.3I) and Proposition l3.3.1l (l). □ 

Next we show Proposition 13 .3.11 (2). Let R^^ be the strict henselization of R at its maximal 
ideal. We define the filtration VKi^iR'^^ll/x]) C K^' {R'^[l/x]) {v > 1) as the subgroup 
generated by symbols 

{l + ax",h} with a G i?"^ and 6 G 

We define V on as V'n%,,^ := and 
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It is easy to see that V'^ilj^ i^^ C x"^^ ■ for z/ > 1, so that we have 
It suffices to show that the kernel of the map 

n ^o>- ■■ ^ho, n uyu-^h\B^\p-']) 

m=2 m=2 

is contained in V^'^^Vlj^ for any u > 1. If m > u > 0, the image of the composite map 

lies in If^ /U"^h'^{Bm[p^^]), which induces the following map: 

am,u ■ giyfi^jog — ' grc/^^(5m[p"^]) if m > u. 
Now we are reduced to the following lemma: 

Lemma 3.3.10. (1) Wfe have gTyQj^i^^ = 0. 
(2) Ifm > u > 1, then ijm,v is bijective. 

Proof of Lemma \3^3. 1 0\ (1) We define V* on ^\sh the same way as for V'VL^^^^. We 
have giyfi^jjQg C giyl^ ^^h Jog by definition. By a similar argument as for Lemma [2.4. 11 (2) 
(see also (I2.4.3I) . Lemma [2.4.4l and Remark [2.4.6I) . we have 

02 ^ q2 

The group on the right hand side is zero because R^'^ / (x) is the strict henselization of a local 
ring of a smooth curve over a finite field. Thus we obtain giyVL\ jog = 0. 

(2) We first prove the case p)(u. Consider the following commutative diagram: 

(Ql "iCf, ~ 

n 

I trm for B„ 

(g^y^LMog)''^' — ^ gryfi|,og — gr'^h\B^[p-']), 



where ¥q denotes the residue field of R and the arrow g is the Bloch-Kato map ([|BKl|, (4.3)) 
defined as 



;^+lri2 

i?,log 



with a & R (resp. b E R^) a lift of a E R/ (x) (resp. b E (R/ (x))^). The left vertical arrow 
is defined in the same way as g. In this diagram, the left vertical arrow is bijective by Lemma 
12.4.41 and loc. cit., Remark (4.8), which implies the bijectivity of g. Hence cr^ j^ is bijective 
as well. If p|z/, then noting that il^/ = 0, we have 

gr^ynl^^^c^C/C^c^gr^^h'iBr^lp-']) 

by the same argument as before, and am,u is bijective. This completes the proof of Lemma 
[37310] and Proposition [Mm □ 

Thus Theorem [3.1.1l is reduced to the 2-dimensional case. 
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3.4. Proof of the 2-dimensional case. Assume that dim(A) = 2, i.e., A is a 2-dimensional 
excellent henselian regular local ring with finite residue field such that the radical of (p) C A 
is a prime ideal of height 1 . We prove that the specialization map 

(3.4.1) Br(A[p-i]) — > Y[ Br(f) 

is injective, which will complete the proof of Theorem 13.1.11 We first review the Brauer 
group theory of established in [SI J, briefly. Let be the radical of (p) C A. Let A.^ 

be the henselization of A at and let K^, be the fraction field of A^,. We regard as a 
topological group in the following way. For a positive integer n > and an ideal 3 C A with 
3 (f_ p,,, let U^{3) be the subgroup of generated by 

l + a(cA^) and l + p^A^ (C A^^). 

We regard as a topological group by taking {U^i3)}n>o,o<?ip,^ as a basis of neighborhoods 
of 1 G (cf. [SI], (2.3)). Let K be the fraction field of A. We define the group as 

^A[p-^ ■■= Coker (i^x ^ © 0,„eQ Z) , 

where the ti-component of (*) for v E Q is the discrete valuation at v. We endow "^^[p-ij 
with the finest topology that is compatible with its group structure and such that the canonical 
projection — > ^A[p~^ is continuous. Then by lISTI . (0.7), Theorem (2.10.1) (see also loc. 
cit., §3), we have a canonical injective homomorphism 

^A[p-^ ■■ Br(A[p-i]) c -HomeontC^Ab-i],Q/Z), 

where Homcont(*7 Q/^) denotes the group of all continuous Q/Z-valued homomorphisms. 
This map satisfies the following compatibility. For t> G let z^, : Z ^ Ca[p-^] be the natural 
map sending 1 G Z to (a^')t,/gQ with = 1 and a^,/ = for v' ^ v. Then ^A[p-^ fits into the 
following commutative diagram (see the construction of ^^[p i] in loc. cit., introduction): 

Br(A[j9-i]) Hom,ont(^A[p-i],Q/Z) 

specialization i* 

Bt{v) ^ Q/Z. 

Now suppose that u G Br(A[j9^^]) is contained in the kernel of (13.4.11) . To show that to = 0, 
we have only to prove that the continuous character <P^[p-i](a;) is zero. By assumption, the 
pull-back of Lo to Br(t') is zero for any v E Q, which implies that <pA[p-'^] i^) factors through 

"^Aip-^/^veQi^^ k:;/k\ 

Hence the assertion follows from the continuity of (!>A[p-^i^) and the fact that is dense 
in K^, that is, we have ■ U^{3) = for any integer n > and any ideal 3 C A with 
3 <^ Pn- This completes the proof of Theorem 13. 1.11 □ 

Remark 3.4.2. The prime-to-p variant of Corollary 13.1.21 is stated as follows. Let be a 
henselian discrete valuation field with finite residue field F. Let o^; be the integer ring of k 
and let tt be a prime element of o^. Let he a regular scheme which is faithfully flat of 
finite type over Spec(Ofc). Let F C =^ be the divisor ^ defined by the radical of (vr) C 
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and let A be a henselian regular local ring obtained by the henselization of at a closed 
point of Y where Y is smooth. For a torsion abelian group M, let M' be its prime-to-ch(F) 
torsion part. Then the specialization map 

Br(A[7r-i])' n^^^^)' 

veQ 

is injective, where Q denotes the set of all closed points on Spec(A[7r~^]). This assertion 
is proved as follows. Let be the residue field of A, and let T G A be a prime element 
which generates the radical of (tt) C A. Put r := dim(y4) — 1 and let (T, Xi, X2, . . . , Xr) 
be a system of regular parameters of A. Let B be the residue ring A/ (Xi, X2, . . . , Xr). 
By the absolute purity (cf. RemarkfTTIl), we have Br(yl[l/7r])' H^^y(¥g, Q/Z)', and the 
following specialization map is bijective: 

Br(A[7r-i])' ^ Br(fi[7r-i])'. 

Noting that Spec(i?[l/7r]) is a closed point of Spec(y4[l/7r]), we obtain the assertion. 
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4. Unramifiedness theorem FOR Brauer groups of varieties 

Let k he a henselian discrete valuation field of characteristic whose residue field F is 
finite and has characteristic p. Let be the integer ring of k and put S := Spec(Ofc). We do 
not assume that k contains a primitive p-th root of unity in this and the later sections. 

4.1. Two generalizations on unramifiedness. Let be an integral normal scheme which 
is faithfully flat of finite type over S and such that X := k is regular, i.e., smooth over 

Spec(A;). Let Y be the divisor on ^ defined by the radical of (p) C ^x. We call to E Br(X) 
unramified along Y, if to is contained in the image of Br(^) — > Br(X). If ^ is regular, 
this condition is equivalent to that to belongs to the subgroup Br(^) C Br(X). Following 
the ideas of CoUiot-Thelene-Saito in HCTSH . §2, we introduce two generalized notions of 
unramifiedness. 

Definition 4.1.1. (0) We say that an etale morphism f : B ^ ^ is quasi-cs along Y, if 
it satisfies the following two conditions. 

(i) For any generic point r/ of F, there exists exactly one connected component B' 
of B which splits completely over rj (namely, the image oi g := f\B' contains r] 
and g^^ii]) is isomorphic to the sum of finitely many copies of r]). 

(ii) Each connected component of B splits completely over some generic point of Y. 

(1) We say that cu E Br(X) is quasi-unramified along Y, if there exists an etale map 
B ^ ^ quasi-cs along Y such that uj\Bk ^ Br(_Bfc) belongs to the image of Br(i?). 

(2) We say that uj E Br(X) is 0-unramified, if its specialization c^l^ E Br(t>) is zero for 
any closed point t> on X whose closure in ^ is finite over S. 

Remark 4.1.2. (1) Let cu E Br(X) be unramified along Y. Then cu is quasi-unramified 
along Y obviously, and we see that to is 0-unramified as follows. Indeed, for a closed 
point i : V X whose closure in ^ is finite over S, there is a commutative diagram 
of schemes 

V ^ ^ Spec(Ot,) 

i 

X c Jf, 

where o„ is the integer ring of k(v). Hence uj\y is zero by the fact that Br(Ot,) is zero. 

(2) For a generic point 7] of Y, let Arj be the henselization of ^^^r^ at its maximal ideal, 
and let Kr, be the fraction field of A^. Then we have 

(4.1.3) Br(/l^) ~lim Br(5), 

where B ranges over all etale .^-schemes which are quasi-cs along Y (note that the 
set of such B's endowed with a natural semi-order is co-filtered). Hence to E Br(X) 
is quasi-unramified along Y if and only if its restriction to 0^gyo Br(i^'^) belongs 
to the subgroup 0^g^o Br(A^). 

(3) If is regular and the purity of Brauer groups holds for ^ (in the sense of Definition 
11.7. 1|) . then lu E Br(X) is quasi-unramified along Y if and only if lu is unramified 
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along Y. Indeed, assuming the purity of Brauer groups, one can easily see that the 
restriction map 

rieYO 

is injective, and that the restriction map 

Br(X)/Br(^) — . Br(ir,)/Br(A,) 

is injective as well. 

4.2. Unramifiedness theorem. Let ^ and Y be as in gTH By Remark |4T2](1), the fol- 
lowing implications hold for elements of Br (X) : 

quasi-unramified along Y unramified along Y =^ 0-unramified. 

The main result of this section is the following implication: 

Theorem 4.2.1. Any 0-unramified element o/Br(X) is quasi-unramified along Y. 

Remark 4.2.2. (1) By Remark 14. 1.21 (2). the assertion in Theorem 14.2. II is equivalent to 
the claim that any 0-unramified element maps to zero under the natural map 

Br(X) ^ Br(i^,)/Br(A,). 

(2) Bt{X) is torsion by the regularity of X. The prime-to-p part of Theorem l4.2.1l is due 
to CoUiot-Thelene-Saito lICTSll . Theoreme 2.1. 

By Remark 14. 1.21 (3). we obtain the following corollary: 

Corollary 4.2.3. Assume that 2^ is regular and that the purity of Brauer groups holds for 
^ . Then the following three conditions for G Br(X) are equivalent: 

(1) ijj is 0-unramified. 

(2) ijj is quasi-unramified along Y. 

(3) to is unramified along Y, i.e., belongs to Br(^). 

We will prove the p-primary part of Theorem 14.2.11 in § §4.3I - §4.5I below. Our proof will 
proceed as follows. In §4.31 we will reduce the problem to the p-torsion part; In §4.4[ it 
will be further reduced to a special case where J^" satisfies certain conditions (see (I4.4[ 2) 
below). Finally in §4.51 we will prove the assertion using Theorem 13. 1.1[ We will often use 
the following lemma in our proof of Theorem 14. 2. 11 whose proof is straight- forward and left 
to the reader: 

Lemma 4.2.4. Let Z and B be noetherian normal schemes which are faithfully fiat of finite 
type over S, and let f : B Z be an S-morphism. Let ui G Br(Zfc) be 0-unramified. Then 
tulsfc £ Br(_Bfc) is again 0-unramified. 
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4.3. Reduction to the p-torsion part. For an S-scheme Z, we put Z\p ^\ := Z k. We 
first prove Theorem 14 . 2 . 1 1 for p-primary torsion elements assuming the following: 

(tl) Theorem 14 . 2 . 1 1 holds for any integral scheme etale over ^ and any 

0-unramified uj G pQi{^'[p~^]) withp ■ = 0. 
By this step, Theorem 14 . 2 . 1 1 will be reduced to the case of p-torsion elements. We proceed by 
induction on the exponent of the order of uj. Let uj E Br(X) be 0-unramified with p" ■ uj = 
{n > 2). Put 6 := p ■ UJ. Clearly, 6 is 0-unramified. By the induction hypothesis, there exists 
an etale morphism fi:^i—^^ quasi-cs along Y such that the puUback 6i := 0\^-^^p-ij e 
Br(^i[p~^]) belongs to Br(^i). Here let us recall the following fact: 

Lemma 4.3.1. Let O be a henselian discrete valuation ring whose residue field E has char- 
acteristic p > 0. Then Br(0) is p-divisible. 

Proof. Br(0) is isomorphic to Bi(E) (cf. [G], I, CoroUaire 6.2, II, CoroUaire 2.5) and the 
last group is p-divisible in view of the fact that cdp(E) = 1. □ 

By this lemma and the isomorphism (14.1.31) for there exist an etale morphism /2 : 
^2 — ^ ^1 and an element uj' E Br(^2) such that /2 is quasi-cs along Yi := /^-^(Y) and 
such that 9i\a:2[p-^ = P ■ ^' ■ Now put r := uj\x2[p-^] — E Br(,^2[p^^])- Because r is 
0-unramified (cf. Lemma 14.2.41 and Remark 14.1.21 (1)) and satisfies 

there exists an etale map /s : — > ^2 which is quasi-cs along f2^(Yi) and for which 
r|^3[p-i] E Br(^3[p^^]) belongs to Br(,^3), where we used (jj) for connected components 
of Finally, let / : ^3 ^ ^ he the composite of /i, /2 and fs. Then u\^-^[p-i] belongs 
to Br(,^3). Moreover / is quasi-cs along Y or otherwise the disjoint union of etale maps 

/'Ilr :(^3yn(^3)" — ^ 

with /' quasi-cs along Y. Thus Theorem l4.2.1l is reduced to the p-torsion part. 

4.4. Reduction to a special case. We show here the following lemma: 

Lemma 4.4.1. Let ^ and Y be as in §4.11 Then there exists a dense open regular subset 
U <Z ^ which contains all generic points ofY. 

Proof. Let r/ be a generic point of Y . Take a non-empty integral open subset 0,^ C Y whose 
generic point is 1] and which is smooth over Spec(F). Because ^ is normal, there exist a 
dense open subset of and a dense open subset f/^ of ^ satisfying the following two 
conditions: 

(1) is a principal Weil divisor on Urj defined by a prime element of r(f/^, ^u,,)- 

(2) 7] is the unique generic point of f/^ ^• 

We show that t/^ is regular at each point on Vr,, which implies that [/^ is regular by the 
condition (2). Let x be a point on and let A be the local ring ^Ur,,x = ^sr,x- Put c : = 
dim(y4). Using the condition (1) and the smoothness of K?, one can easily check that the 
maximal ideal m of A is generated by c elements of A as A-submodule, which implies that 
dimK(a;)(nx/m^) = c. Hence f/^ is regular. Now for each i] E Y^, take a dense open regular 
subset Uri C ^ as above. Then the union U := {j^^yo gives a desired dense open regular 
subset of □ 
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Using the above lemma, we reduce Theorem 14.2. II to the following case: 

(I4.4I 2) !^ is regular, (p G T{X, Gx), ^nd Y is smooth over Spec(F). 

Let ^ he a normal scheme as in Theorem 14.2. 1 1 and let K be the function field of ^ . Let 
S"' be the normalization of in K{Q. Put X' := JT' k. Let Y' be the divisor on JT' 
defined by the radical of (p) C ^^7. Then it is easy to see that the map X' ^ X is a finite 
etale abelian covering whose Galois group G has order prime to p (in fact, X' is isomorphic 
to a scalar extension of X). By this fact, we obtain isomorphisms 

Br(X)p.tor. ^ (Br(X')p.tors)'', 
BT{Xf;Zr^c^{Br{XXZsf, 

BT{x)^:-i^{Br{x')^:-r:f^ 

where Br(X)*'"^'^ and Bi{X')^'^^ denote the subgroups of 0-unramified elements. Br(X)^"''"^ 
(resp. Br(X')''"'^"^ ) denotes the subgroup of elements which are quasi-unramified along Y 
(resp. along Y'). Hence Theorem 14 . 2 . 1 1 for J^" is reduced to that for By Lemma |4.4.1[ 
there exists a dense open regular subset U C J^' which contains all generic points of Y' and 
for which Y' n U is smooth over Spec(F). It is easy to see that Theorem 14.2. 1 1 for J^' is 
reduced to that for U. Thus Theorem l4.2.1l is reduced to the situation of (I4.4I 2). 

4.5. End of proof. For a ring or a scheme Z, put br(Z) := pBr{Z). Assuming that and 
Y satisfy (I4.4[ 2). we prove that any 0-unramified element of br(X) is quasi-unramified along 
Y, which will complete our proof of Theorem l4.2.1[ For x E let be the henselization 
of the local ring .j. at its maximal ideal, and let K^. be the fraction field of A^. Now 
let Y' be a connected component of Y , which is integral and smooth over Spec(F) by the 
assumption (14.41 2). Let rj be the generic point of Y' . For a closed point x on Y' , let rfx be the 
point on Spec(y4j:) lying over r], and let be the henselization of A^ at rfx. Let Kr^^ be the 
fraction field of . We prove here the following lemma: 

Lemma 4.5.1. The restriction map 

(4.5.2) br(i^,)/br(A,) J] br(ir,J/br(A,J 

is injective. See Remark VA. 1 .21 (2) for and K^. 

Proof. Let Afj be the strict henselization of A^, and let Kj^ be the fraction field of Aj^. Note 
that the strict henselization of coincides with Ajj. We have a commutative diagram with 
exact rows 

H\r], Z/pZ) br(ir^)/br(y4^) br(/C^) 

n.e(y')o ^'(^- ^/P^) n.e(y')o br(ir,J/br(A,J . n.e(y')o 

where the vertical arrows are restriction maps, and the exactness of each row follows from 
a similar argument to Lemma [2.6.41 (1). The right vertical map is clearly injective. In what 
follows, we prove that the left vertical map a is injective, which implies the injectivity of 
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(I4.5.2I) . Forx G (Y')o, put := Spec(^^, where i^y,^ denotes the henselization of ffY',x 
at its maximal ideal. Consider the following commutative diagram with exact rows: 

> H\Y',Z/pZ) > H\r),Z/pZ) > ^^^^^.^^ Hl{Y' ,Z/pZ) 

^ n H\x,Z/pZ) > n H'{rj,,Z/pZ) > U Hl{Y^,Z/pZ), 

xe(Y')o a:e(y')o a:e(y')o H^e(yx)i 

where the vertical arrows are natural restriction maps, and the upper row is obtained from the 
spectral sequence 

= ®yeiYT H;+^{Y' ,Z/pZ) =^ H^^\Y\Z/pZ) 

and the fact that E"''' = for (m, v) with < and m > 1 (cf. [[Grl, II, (3.5.3)). The lower 
row is obtained from a similar argument for together with the isomorphism 

H^{Y^, Z/pZ) ~ H^{x, Z/pZ). 

In this diagram, the left vertical arrow is injective by the Cebotarev density theorem IISe2ll . 
Theorem 7. The injectivity of the arrow h is checked as follows. We have 

Hl{Y',Z/pZ) ^ H\y,RH[Z/pZ) 
for any y G {Y'Y with iy : y ^ Y, and we have 

Hl{Y,,Z/pZ) ^ H\y,,R%Z/pZ) 

for any x G (Y')q and any y^ G (YxY with ij^^ : y^ Y^. Hence b is the restriction map by 
pro-finite etale morphisms on groups of global sections of etale sheaves, which is injective. 
Thus a is injective as well and we obtain the lemma. □ 

We turn to the proof of Theorem 14. 2.11 For a fc-algebra R containing a primitive p-th root 
of unity (p, put h^{R) := H^{R, /i^^) and define 

br(i?)^y"^ := Im (^K^' (R) ^ h^R) ^ br(i?)) , 
where (*) is given by the composite map 

h\R) = H\R, fip) ® fip = H\R, ^ip) — > hT{R). 

Now we finish the proof of Theorem 14 . 2 . 1 1 as follows. Let cu G br(X) be 0-unramified. Our 
task is to show that its value under the natural map 

br(X) hT{K,)/hT{A,) 

r]£YO 

is zero (cf. Remark l4.2.2l (l). Lemma l4.3.1l) . We use here the following trick. By the assump- 
tion (I4.4[ 2). we have hr(Kn) — h'^{Kn). Any element of h'^{Kj^) is represented by an element 
of K2^{Kri) by the Merkur'ev-Suslin theorem [,MS1 . and we have 

(K,) ^ lim K^inB, i^B)[p-']), 

where B runs through all affine schemes which are etale over and quasi-cs along Y (cf. 
(|4.1.3|) ). Hence replacing ^ by a suitable affine scheme etale over ^ and using Lemma 
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I4.2.4[ we may suppose that the given 0-unramified uj E br(X) is contained in br(X)'^y™. 
Consider the following commutative diagram of restriction maps: 



e,eyo hT{K,)/hT{A,) c ™ : Yl.eY. br(ir,J/br(A,J, 
where a and P are natural maps. By a variant of Lemma |4.2 .41 P{uj) is contained in 

n Ker (hT{A4p-']r^ - H "eSpcc(A.[p-])„ br(t;)) , 

x£Yo 

which is zero by Theorem 13 .1.11 and the fact that 

hT{A,^[p-^]Y^"' Chr''{A^[p-^]) for any xeYq 
(cf. Remark [2.6.7I) . Thus a{uj) is zero. This completes the proof of Theorem 14. 2.11 □ 

4.6. Application to arithmetic schemes. Let be an integral regular scheme which is 
proper flat of finite type over Spec(Z). Put X := ^ 0z Q- 

Theorem 4.6.1. Assume that the purity ofBrauer groups holds for 3C . Then there is an exact 
sequence: 

— > Br( Jf) — > Br(X) — > JJ Br(a;)/Br(o^), 
where for x G Xq, o^; denotes the integral closure of 2, in k{x). 

Remark 4.6.2. For x G Xq, Br(o^) is a finite 2-torsion group by the classical Hasse principle. 

Proof. The above sequence is a complex by the properness of ^ . We show that the resulting 
specialization map 

Br(X)/Br(jr) — > JJ Br(x)/Br(o^) 

is injective. Let P be the set of all prime numbers. For p E P, let be the henselization of 
Z at (p). Put Qp := Frac(Zp), and let Qp be the set of all closed points on X^h. We construct 
the map 

a : H Br(x)/Br(o,) J] H ^"(^) 

as follows. Let x be a closed point on X and let t> be a closed point on X^h. We define the 
(x, t>)-component of a as the natural restriction map (resp. the zero map), if the composite 
map V Xqij — i> X factors through x X (resp. otherwise). Note that for v E Qp, 
there exists a unique x G Xq such that the composite map v — > Xqh — > X factors through 
X ^ X, and that this uniqueness implies the well-definedness of a. Now let us consider a 
commutative diagram of specialization maps 

Br(X)/Br(jr) ^UxeXo Br(x)/Br(o.) 



e^ep Br(XQ.)/Br(^z.) -UpeP U.^q, Mv) 
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whose commutativity follows from the definition of a. In this diagram, the bottom horizontal 
arrow is injective by Corollary I4.2.3[ and the left vertical arrow is injective by the localization 
exact sequences 

-Br(jr) -Br(X) if^. (Jf , G^) , 

peP 

^ Br (JT^.) ^ Br (Xq.) ^ E% ( JT^., G^) ^ ■ ■ ■ , 

with 1^ := J?r 02 Fp, and the excision isomorphism 

G^) ~ G^) for each p G P. 

Hence the upper horizontal map is injective as well and we obtain the theorem. □ 
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5. ZERO-CYCLES ON CUBIC SURFACES 

In this section, we compute Aq of cubic surfaces explicitly using the unramifiedness theo- 
rem proved in the previous section. 

5.1. Setting and results. Let A;, o^, F and p be as in the beginning of ^ Let a be an element 
of which is not a cube in k. We are concerned with a cubic surface 

X := {T^ + + T| + aTi = 0} C Proj(A;[To, T,, T2, T3]) = 

Let ^3 be a primitive cubic root of unity in k. 

Theorem 5.1.1. (1) Assume p 7^ 3. Then we have 

{0 ifoidkia) = mod 3, 

Z/3 ifoidkia) ^ mod 3 and Cs ^ k, 

Z/3 0Z/3 if oidkia) ^0 mod 3 and Cs^k. 
(2) Assume p = 3, ordfe(a) = 1 mod 3 and G k. Then we have 

Ao{X) ~ Z/3 © Z/3. 

(1) is stated in nCTSI . Example 2.8 under a slightly simpler setting. We include a proof of 
(1) here for the convenience of the reader. (2) is a new result and would be the first example 
of a potentially rational surface which splits over a wildly ramified extension and whose Aq 
is computed explicitly. It would be interesting to find cycles which generate Aq{X) in the 
theorem. 

To prove Theorem 15. 1.1[ we need the following three facts, where X is as before. 

Proposition 5.1.2 (Colliot-Thelene). The following map induced by the Brauer-Manin pair- 
ing is injective: 

Ao{X) — > Hom(Br(X)/Br(A;),Q/Z). 

Proof. The case X{k) 7^ is stated in [|^Tlj|, Proposition 5. Otherwise, the assertion follows 
from his injectivity result in loc. cit.. Proposition 7 (b) and the same arguments as in loc. cit.. 
Proposition 5 (cf. [BIJ, Theorem (2.1), Proposition (A.l)). See also [S2J, Theorem A, llCT2ll . 
Theoreme 8.4, and [KhJ, p. 70, CoroUaire 2 for generalizations. □ 

Proposition 5.1.3. Let ^ be a regular scheme which is faithfully fiat over S and satisfies 
^ /c ~ X. Let T] be a generic point of^ F, let A,^ be the henselization o/^^/^^ and 
let be the fraction field of A,^. Assume that 

(5.1.4) i-^(Br(/l^)) = 0, w/jere t : Br(X) -> Br(K^). 
Then the following map induced by the Brauer-Manin pairing is surjective: 

Ao{X) — > Hom(Br(X)/Br(fc),Q/Z), 

Proof. By (15.1.41) . Theorem 14.2.11 and Remark l4. 1.21 (2). the map in question has dense image. 
As we mentioned in §1.2[ Br(XL)/Br(L) is zero for L = k(y^). Hence Br(X)/Br(/c) is a 
finite 3-torsion and the assertion follows. □ 

To state the third fact, we assume that k contains ^3, and fix an isomorphism 

(5.1.5) 3Br(fc(X)) ~i7^(A;(X), /if), x ^ x (s, 
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where k{X) is the function field of X. Consider rational functions 

f := , g ■■= e k{X) 

and put 

ei = (a,/)c3' ^2 = (a,^)c3 ^ 3Br(fc(X)), 
where forM,t> G A;(X)^, (u, t>)^3 denotes the inverse image of {u, f} G i/^(A;(X), /if ^) under 
the isomorphism (I5.1.5I) . 

Theorem 5.1.6 (Manin [|M2|). ei anJ 62 belong to Br(X), and Br(X) /Br(fc) is a free Z/3- 
module of rank 2 generated by ei and 62. 

5.2. Proof of Theorem 15.1.11 (1). Without loss of generality, we may assume that a E Ok — 
{0} with ordfc(a) = 0, 1 or 2. Consider a projective flat model of X over S := Spec(Ofc) 

(5.2.1) ^ = Proj(o4To,ri,T2,T3]/(T3 + ri^ + T| + ar|)) c P|. 

Let 7] be the generic point of F := '^^ ^r? be the henselization of ^r,?? and let i^r; 

be the fraction field of A^. We divide the problem into 4 cases as follows. 

Case (i): p 7^ 3, a G 0^ and ^3 G k. In this case it is easy to see that ^ is smooth over S. 
Once we show 

(5.2.2) Br(X) = Br( JT) + Im(Br(A;) ^ Br(X)), 
then Ao{X) = by Proposition 15. 1.2[ Since we have 

Br( JT) = Ker(Br(X) ^ Br(fs:^)/Br(A^)), 
by the purity of Brauer groups for it is enough to show 

(5.2.3) Im(Br(X) ^ Br(ir^)) C Br(A^) + Im(Br(fc) Br(ir^)), 
in order to show (15.2.21) . Since p ^ 3 and Cs £ k, there is an exact sequence 

(5.2.4) ^ 3Br(A,) ® /i3(A;) H\k{X),iif) ^ K{i^r /3 

and it is easy to check 5{ei (3) = for i = 1,2, which implies (15.2.31) by Theorem l5.1.6[ 

Case (ii): p ^ 3, a E 0^ and ^3 ^ k. In this case, the assertion is reduced to the case (i) 
immediately by a standard norm argument. 

Case (iii): p ^ 3, ordjfc(a) = 1, 2 and £ k. One can easily check that the fixed model ^ 
is regular at rj E Y, i.e., ^s;ri is a discrete valuation ring. By Propositions 15. 1.21 15. 1.31 and 
Theorem 15. 1.6[ we have only to show 

l-\Bt{A^)) = 0, with L : Br(X) ^ Bt{K^). 

Note that we have the exact sequence (|5.2.4I) in this case as well. For 

u; = a ei + /3 62 G 3Br(X) C 3Br(A:(X)) (a, (3 E Z/3), 

we have 



S{u C3) = ord,(a) ■ r/ = ord,(a) ■ ^ j (t^J ^ «:(r/) ^3, 
where we regarded / and g as rational functions on Y. Thus it is enough to show 
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Lemma 5.2.5. For a, /? G Z, assume that f"g^ G Kirf)'^ belongs to (^(r])^)^. Then we have 
a = /3 = mod 3. 

Proof. Let E be the elliptic curve over F defined as 

E ■= Proj (F[To, Ti, T2]/{T^ + Tl + T|)) C P^. 

It is easy to see that Kij]) is the rational function field in one variable over the function field 
¥{E). Since {¥{YYfr]¥{EY = (¥{EYf and f,g G F(E)^, the assumption of the lemma 
implies that f^g^ G (F(i?)^)^. We now look at the divisors on E 

div^(/) = 3([P] - [O]), divEig) = 3{[Q] - [O]), 

where we put 

O := (1 : -1 : 0), P := (1 : -(3 : 0), Q := (1 : : -1). 

Take O to be the origin of the elliptic curve E, and define zero-cycles C, C" on as C : = 

[P] — [0],C' := [Q] — [O]. Since f"g^ = for some h G K{r])^ by assumption, we have 

a-C + l3-C' = divEih) 

as zero-cycles, and the residue class a-C+P-C is zero in Aq{E) ~ E(¥). Hence the assertion 
follows from the linear independence of C and C in the Z/3-vector space 3-E(F). □ 

Case (iv): p 7^ 3, ordA,.(a) = 1,2 and ^ k- Consider the scalar extension 

^ Ol-^^ (L := k{C,)), 
which is etale by the assumption p ^ 3. Then we have 

L-\Bi{A^)) = 0, with L : Br(X) ^ Br(fs:^) 

by the previous case and a standard norm argument. Therefore by Propositions 15.1.21 and 
I5.1.3[ the assertion is reduced to the following proposition due to CoUiot-Thelene [ICT4II . 
which holds without the assumption p ^ 3: 

Proposition 5.2.6 (Colliot-Thelene). Let (i = 1, 2) be the elements o/Br(XL) in Proposi- 
tion \5.l.^ Then Br(X)/Br(A;) is a free Z/3-module of rank 1 generated by CoresXi/x(ei), 
where Coresx^/x denotes the corestriction map Bt{Xl) Br(X). 

Proof. Put G := Gal(L/A;), which has order 2. Let a be the generator of G. We prove 

(5.2.7) cr(ei) = ei and o-(e2) = -62 in sBtIXl), 

which implies the assertion by a standard norm argument. To prove (|5.2.7|) . we work with 
Galois cohomology groups of the function field 

F:=L{XL) = k{X){Cs). 
Since sBt{Xl) C H'^{F, fi^), it is enough to show the following two claims: 

(1) For u,v E F^, we have a{{u, v)(^^) = — (cr(-u), cr(f ))^3 in H'^{F, /X3). 

(2) We have 
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We first show (1). Since Z/3 ~ /if ^ as Gjt -modules, we have 

(^{{u, v)t;^) = a{{u, v} (g) Ca) = Wiu), a{v)} O ^(Cs) 
= {a{u), a{v)} O Cs^ = -{(r{u), (r{v))^^. 
We next show (2). Take an affine open subset of X as follows: 

{x' + y' + z' + a = 0}cAl (^x = ^, y = ^, z = . 



Then noting that H'^{F, /if^) is a 3-torsion, we compute 

53 



^ + Cs V 1 f 3; + (sn ^ [ — xy + y'^^ [ x^ + 



a, — : — > = s a 



X + y ) \ ' X + y ] [' (x + yY J I ' (^^ + vY 



This completes the proof of Proposition 15.2.61 and Theorem 15.1. IK 1 ). □ 



5.3. Proof of Theorem 15231(2). Without loss of generality, we may assume a = tt (a prime 
of Ofc). Let ^ be the projective flat model of X over defined in (|5.2.1I) . We will use the 
following affine open subset: 

(5.3.1) U := Spec(Ofc[a;, z]/{x^ + + + n)) (^a; = ^, y = ^, ;2 = . 

Let be the special fiber of ^ 5, which is irreducible. Let Y be the reduced part of 
and let rj be the generic point Y . It is easy to see that we have 

(5.3.2) UnY = Spec(F[x, y, z\/{x + y + z)). 
Put e := ordfc(3). We show the following lemma. 

Lemma 5.3.3. iffrz^r) is a discrete valuation ring with absolute ramification index 3e. 
Proof. Put t = X + y + z. Then we have 

(5.3.4) + 7r{l + tt'-^u) = x^ + y^ + z^ + TT = in ^t/,^ = ^x,^, 

where we put 

u := -ei{x^{y + z) + y'^{z + x) + z^{x + y) + 2xyz) with ei := "i-K^" G o^. 

In view of (|5.3.2I) . this implies that t generates the maximal ideal of ^3^ ,7 (and that u belongs 
to ^^-jj)- Hence i^x,ri is a noetherian one-dimensional local ring with maximal ideal generated 
by t, which is a discrete valuation ring. The ramification index of ^^-.^ over is 3 by (15.3.41) . 
which implies that the absolute ramification index of is 3e. □ 

Let be the henselization of i^a^-,, as before, and let be its fraction field. Put H : = 
H'^{Kn, /if ^) in what follows. Since k contains ^3, we have 

sBt{A^) (g fisik) C U'^' H 
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by Lemma [2.6.4I (1). where U*H denotes the filtration on H defined in §2.61 and e' denotes 
pe/{p — 1) = 3e/2. As before, by Propositions 15 . 1 .2115 . 1 .31 and Theorem l5.1.6l we ought to 
show 

r\BT{A^)) = 0, with L : Br(X) ^ Bt{K^). 
Hence it is enough to show the following: 

Proposition 5.3.5. Let a, (3 G Z/3, and put 

u} := aei + f3e2 = a(7r, f)^.^ + (3{7r, g)^.^ G 3Br(X). 

Assume that 

L{iv) ® Cs = "{tt, /} + I3{7T, g} G 3Bt{K^) ® /i3(fc) ^ H 

belongs to U^^' H. Then we have a = P = 0, i.e., uj = 0. 

Note that k{7]) = ¥{y, z) by (ISTIl) . By (l534l) . we have n = -t^{l + ti^-^u)-^ and 

uj = -a{l + -K^-^u, /} - + TT^-^M, g} G U'^^^-^^H. 

One can derive the proposition easily from the following lemma, where the Bloch-Kato iso- 
morphisms (see (12.3.41) and (12.6.31) ) are defined with respect to the prime element t G A^. 

Lemma 5.3.6. (1) {l+vr'^^^w, /} belongs to U^'^'~'^H, whose residue class in gi^'~^H ~ 
is zdy — ydz up to the multiplication by a constant in¥^. 
(2) + g} belongs to U^^~^H, whose residue class in gi^~'^H ^ Vt]^ is zdy — ydz 

up to the multiplication by a constant in F^. 

Proof of Lemma \5. 3. 6\ We first prove (1). Since + y^ + z^ + n = 0, we have 

(5.3.7) u = eiiy'^z + yz^ + tv) with v := -(x^ + {t - + n ■ r^) 

(note that vr ■ t^^ is contained in the maximal ideal of A^j). On the other hand, we have 

(5.3.8) / = = 1 + (C3 - 1)^ = 1 + t^'^ + t^'-"' 



X + y X + y z z{z — i) ' 

where es := (1 - Cs) ■ i'^' G We define the filtration W^K^ (n > 0) on as the full 
group forn = and the subgroup {1 + t"c | c G A^} for n > 1. We recall the following 
standard facts: 

Sublemma 5.3.9. For a,b E Ar,, h G U^K^ (n > 0) and integers i,m,iy> 1, we have 

(1) {1 + t^a + rb, h} = {l + t^a, h} + {l + rb, h} mod f/^+^+^i/ 

(2) {1 + t^a{l + t'^b)^", h} = {l+ t^a, h} mod U^+^+'^H 

(3) {1 + t'a, 1 + r6} = -|l + ^Y^^ '^'"] U'+^'^H. 

Proof of Sublemma \5.3.9\ (1) follows from the equality 

(1 + t'"a)(l + _ ^ ^ t™+"a6 



1 + t^a + t"^ l + t'^a + 

and (3) (cf. HBK II. Lemma (4.1)). The assertion (2) follows from a similar computation. (3) 
follows from similar computations as in [|Sa2L Lemma 8.7.4. □ 
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We turn to the proof of Lemma l5.3.6l (l). and put ea := 3t^^^ G A^. Then we have 

{1 + 7r^-\, /} = 1 1 + n^-'e^iy'z + yz' + tv), l + f'^ + f 



z{z - 1) 

1 + e^-h,v, l + f'^\ + \l + e^-h,{y^z + yz'), 1 + t^'+i^^ 



+ <; 1 + t'^-h.y^z, 1 + t^'^ I + 1 + t'^-h,yz\ 1 + f' 



z{z-t) 



z \ \ z 

where the congruity holds modulo U^^'^^H by Sublemma lS-S-QI fD-O) and (I5.3.4I) . There- 
fore, it is enough to show 

Lemma 5.3.10. (1) The sum 

|l + t''~h,v, 1 + r'^l + |l + t''-%{y'z + yz'), 1 + G U^^'-'H 

maps to zdy — ydz up to the multiplication by a constant in¥^, under the Bloch-Kato 
isomorphism gr^ ~ Vl]^ with respect to the prime element t G A^. 



(2) |l + t'^'-hsy^z, 1 + t^'^l belongs to U'^^'-^H. 

(3) |l + ^^'-^e3?/2^ 1 + t^'^l belongs to U^^'H. 



Proof. (1) Let 6263 G k{7])^ be the residue class of €263 = 3(1 — (s)t G A^, which in fact 
belongs to by (l5T4l) . We note that 3|e' and that ch(r/) = 3. By Sublemma lSTQl O) and 
(15.3.71) . the first term (resp. the second term) of the sum of symbols in question maps to 

{2y'^z + yz'^)dy + {2y'^z + y^)dz ( z{y + z^dy — y{y + z^dz 



£263 ■ 2 I ^^^P- ^263 2 

under the Bloch-Kato isomorphism (cf. (|2.3.4I) and (12.6.31) ). Since ch(?7) = 3, the sum of 
these 1 -forms agrees with I^(zdy — ydz). 

(2) Noting that e' > 3 and that is a 3-torsion, we have 



1 + t'^-'t^y^z, 1 + t" 



Z 



= -{1 + t3e'-3e2e3y3 _^3e-3gg^2^j mod f/^^'-^i^ (Sublemma[5X9](2), (3)) 

= -{1 + (C3 - \ftS\\ + (Cs - l))^e3y2^} (t3^'e2e3 = (C3 - 

= -{1 + (C3 - esZ/^^} mod U^'-'-'^E (Sublemma[5X9](2)) 

;i + (C3-i)r^i/f 



1 + (C3 - \)H-^V 

3(C3 - \)t-\y + (C3 - l)t-W) . . ^ ,,3e'-l 
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(3) Similarly as for (2), we have 

z 

= -{1 + t^^'-^e2e^y'^z, -t^^-^ e^^y z'^] mod U^^'-^H (Sublemma|53J(2), (3)) 
= — { 1 + t^'^'~^e2esy'^z, t^'^' ~^y^z^e2e^ } (Steinberg relation) 

= {1 + t^^'-^e^e.y^z, (1 - C3)C|} H'^' e2el = (1 - C3)^C|) 

= {1 + t^^'~^e2e^y'^z, e^Q] mod U^^'-^H (Sublemma[53J(3)). 

The last term is contained in U^'^' H, because €4^3 belongs to 0^ and is 3-divisible. This 
completes the proof of Lemmas 15.3.101 and I5.3.6I ( 1 ) . □ 

We next prove Lemma [5321(2). Put eg := St"^^ G . Since 

(5.3.11) 9 = ^ = ^.4^ = A Yi ■ - 



x + y z y{t-z) z \ yit - z] 
we have 

t{z-y) 



{1 + Ti'-\, g]={l + TT'"'ei{y'z + yz' + tv),--[l + 



y{t - z) 

1 + t'^-%v, + + t'^~'e,{y'z + yz'), 1 + 



, tiz-y) 



yit-z) 

l+t'^~\,{yh + yz'),^^ 

where the congruity holds modulo U^^^^H by Sublemma l5.3.9l (l)-(3) and (15.3.41) . One 
can easily check that the last term belongs to U^^H by similar computations as in Lemma 
15.3.101 (3). One can also check that the sum of symbols 

j.3e-2^ „, ^ 1 I J 1 I +3e-3^ /„,2^ , „,^2\ i , '^{z — y) | rr3e-2 



1 + t''-'esv,^j + |1 + t'^-'e^iy'z + yz'), 1 + ^^^Ijfy | ^ U''-'H 

maps to Isiydz — zdy) under the Bloch-Kato isomorphism gi^~^H ~ (with respect to 
the prime element t E A^), by Sublemma 15.3.91 (3) and (15.3.71) . Here £3 G ^(77)^ denotes 
the residue class of £3 = 3t^^'^, which belongs to by (15.3.41) . This completes the proof of 
Lemma [5.3.6l (2). Proposition [533] and Theorem 15. 1.1 1 (2). □ 
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6. Proof of Theorem 11.1.31 

In this section, we prove Theorem ll.l.3[ Let k be p-adic local field, and let be the integer 
ring of k. Put S := Spec(Ofc). Let ^ be a regular scheme which is proper flat of finite type 
over S. Let Y be the closed fiber of ^ / S. 

6.1. Proof of Theorem [TX3](1). Let 

( , ) : CHo(X) X Br(X) Q/Z 

be the Brauer-Manin pairing (|M)) in the introduction, and let uj be an element of Br(X) with 
(c, u;) = for any c G CHo(X). It suffices to show that uj belongs to Br(^). Indeed, uj 
is 0-unramified in the sense of Definition 14. 1 . 1 1 (2). and the assertion follows from Corollary 
14.2.31 where we have assumed the purity of Brauer groups for ^ . This completes the proof. 

6.2. Proof of Theorem [TX3](2). We start the proof of Theorem [1X31 (2'). which wiU be 
finished in §6.3l below. Let us recall the map (|1.1.2I) . which we denote by <P in what follows: 

<P : Ao(X) — > Hom(Br(X)/Br(A;) + Br(jr),Q/Z) 

By Theorem I 1.1. 31 (1). (p has dense image. To prove that (p is surjective, it is enough to show 

Im(^>) ~ © T 

for some non-negative integer r and some finite group T. We are thus reduced to the following 
proposition, where we do not assume the purity of Brauer groups: 

Proposition 6.2.1. Put B := Br(X)/Br(A;) + Br( JT) and := Hom(5^.tors, Q/^) /or a 
prime number I. Then: 

{I) Df is finitely generated over TLifor any £. 

(2) Ifi 7^ p, then Dg is finite and the map $e : Aq{X) Di induced by $ is surjective. 
The image of<Pp : Aq{X) — > Dp is a Zp-submodule of Dp. 

(3) De is zero for almost all i ^ p. 

Remark 6.2.2. The 7^ p' case of Proposition l6.2.TI (2) is proved in flCTSL CoroUaire 2.6. 

Proof of Proposition \6.2. 1\ The assertion (1) is obvious. We prove (2). Note that the map 
<p£ with t ^ p has dense image with respect to the £-adic topology on Dg (by the ^-primary 
part of Theorem II. 1.31 (1) and the absolute purity). By a standard norm argument, we may 
suppose that X has a A;-rational point. Then we have a surjective map 

A,[C)-^A,[X). 

c 

Here C ranges over the smooth integral curves over k which are finite over X. Since A; is a 
p-adic field by assumption, we have 

for a non-negative integer rc and a finite group Tc by a theorem of Mattuck UMaL In case 
£ 7^ p, these facts and (1) imply that Im((?f) is finite and dense, so that is surjective. To 
prove the assertion for <Pp, we need to show that the composite map 



7®ra c ^ A,{C) Ao(X) D 



V 



40 



S. SAITO AND K. SATO 



is a homomorphism of Zp-modules, that is, continuous with respect to the p-adic topology. 
Let fc ■ Br{k) Br(C) be the natural restriction map. Since the above composite map 
factors through the map 

^erc c ^ Ao{C) Hom(Coker(/c)p.tors, Q/Z), 

it suffices to see the continuity of this map, which is a consequence of [SI], Theorem (9.2). 
Thus we obtain Proposition l6.2.1l (2). 

We next show Proposition l6.2.1l (3). For £ 7^ p, we have Im(^£) = Di as we mentioned in 
the proof of (2). On the other hand, we have 

lm{$,) ~ lm{Ao{X) ^ ij2JV(X, Z,(iV))) 

with := dim(X) by the Poincare duality. Therefore by the alteration theorem of de Jong 
ddJJ and a standard norm argument using the functoriality of cycle class maps, the assertion 
is reduced to the case that ^ has strict semistable reduction over S where 'strict' means that 
all irreducible components of Y are smooth. We prove that 0^_^p Di is finite, assuming that 
^ /S has strict semistable reduction. For a torsion abelian group M, let M' be its prime-to-j9 
part. For n E Z, let Q/Z'(n) be the etale sheaf 0£_^p Qe/Ze^n). Consider a commutative 
diagram with exact rows 

Pic( Jf) ® Q/Z' H\^, Q/Z'(l)) Br(jr)' 

a 

Pic(X) ® Q/Z' ^ H\X, Q/Z'(l)) Br(X)' ^ 0. 

Since the left vertical arrow is surjective, we have 

Br(X)7Br(jr)' ~ Coker(a) ^ Ker JT, Q/Z'(l)) ^ //^(jr, Q/Z'(l))). 
Our task is to show that the complex 

(6.2.3) Br(A;)' — > i/^^ JT, Q/Z'(l)) — > JT, Q/Z'(l)) 

has finite cohomology group at the middle. Let k^'^ be the maximal unramified extension of 
k, and put X™ := ^ ®oj. o^ur and F := F ®f F. In view of the short exact sequences 

^ H\¥,H^X^\Q/Z\l))) ^ Hl{3^,Q/Z\l)) ^ i/f (X^, Q/Z'(l))^- 0, 
^ iJ^(F, H^{X''\ Q/Z'(l))) ^ JT, Q/Z'(l)) ^ i^3(X"^ Q/Z'(l))^^ ^ 

obtained from Hochschild-Serre spectral sequences and the fact cd(F) = 1, we are reduced 
to the following lemma: 

Lemma 6.2.4. {I) The group Q/Z'(1))^f is finite. 

(2) The composite map Br(fc)' ^ JT, Q/g(l)) ^ //^(X"'', Q/Z'(l))^^ /5 zero. 
Consequently, the complex (16.2.31) induces a complex 

(6.2.5) Br(A;)' — > H\¥, iff (X"\ Q/Z'(l))) — > H\¥, H^X""', Q/Z'(l))), 

(3) The complex (|6.2.5I) has finite cohomology group at the middle. 
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We first show Lemma [6.2.4I (1). For g > 1, let Y^'^^ be the disjoint union of the intersections 
of q distinct irreducible components of Y. Note that all connected components of F*^^^ are 
smooth proper varieties over F of dimension dim(<^) — q. By the Mayer- Vietoris spectral 
sequence 

(6.2.6) E'^'" = if 2«+^,-2^y{-«+l)^ Q/Z'{u)) =^ H^+^iX""', Q/Z'(l)) 

(cf. HRZH . Satz 2.21), we have the following exact sequence of G^-modules: 

— > H\Y'^^\Q/Z') — > i^f(X"^Q/Z'(l)) — > H%Y^^\Q/Z' {-!)). 

Hence the assertion follows from the finiteness of H^(Y^^\ Q/Z')'^^ due to Katz-Lang HKLH . 
Lemma [6. 2.41 (2) is a consequence of (1) and the fact that Br(/c)' is divisible. 

We next show Lemma [6.2.41 (3). For an abelian group M, let ML.div be the subgroup of 
elements which are divisible in M by all integers prime to p, that is, 

ML.div := n n-M. 

riGZ, (n,p)=l 

We define the discrete GF-module S as Pic(X^'')/Pic(X"'')L-div For this group we will 
prove: 



ur\ 

L-div 



Lemma 6.2.7. (1) S is a finitely generated abelian group. 

(2) For any positive integer n prime to p, „Pic(X'^^) is finite. Consequently, Pic(X 
is divisible by integers prime to p {cf. PI, §4), and we have a natural injective map 

a:E0 Q/Z' ^ ^ H^X""', Q/Z'(l)). 

(3) The map 

a' : H\¥, E ® Q/Z') — > H\¥, H\X''', Q/Z'(l))) 

induced by a has finite kernel. 

The proof of this lemma will be given in §6.3l below. We finish our proof of Lemma l6.2.4l (3) 
(and Proposition l6.2.1l (3)). admitting this lemma. By Lemma [6.2.7l (l). we have the following 
sequence of finitely generated abelian groups with equivariant Gp-action: 

diagonal /TN rv? 9 ^ 

(6.2.8) ^ " ^ 

y<=iY)0 

where g is induced by the Gysin map 0j,g(y)o Z Pic(X^''). This sequence is a complex 
by the semistability oi ^ / S. Because the ^-primary part of the complex (16.2.51) has finite co- 
homology group for any £ 7^ p by Proposition l6.2.1l (2). one can easily check that the complex 
(16.2.81) has finite cohomology group as well (in fact, (16.2.81) is exact because the cokernel of 
the first diagonal map is torsion-free). Hence the cohomology group of the induced complex 

(6.2.9) m^^^ © Q/Z ^^^H® Q/Z, 

ye(y)o 

is finite and its order is the same as that of 

Coker((7 : ®yg(y)0 Z > ^/^tors)tors- 
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We denote its order by b. Now we show that the complex (16.2.51) has finite cohomology group. 
By a standard norm argument, we may suppose that Gw acts trivially on the groups in (|6.2.8I) . 
Then consider a commutative diagram of complexes 



(6.2.10) H\¥,Q/Z') 



Br(fc)' 



e 



yeYO 



H^{¥, HUX-\ Q/Z'(l))) H\¥, H\X^\ Q/Z'(l))), 



where the upper row is induced by (16.2.91) . the lower row is the complex (16.2.51) in question 
and the bijectivity of the central vertical arrow is obtained from the spectral sequence (16.2.61) : 
the commutativity of the left square follows from the semistability of ^ / S. The upper row 
has finite cohomology group of order 6 up to a power of p, and the right vertical arrow a' 
has finite kernel by Lemma [6.2.71 (3). Hence the lower row has finite cohomology group of 
order dividing h ■ #(Ker(a')). This completes the proof of Lemma [6. 2. 4[ Proposition 16.2. II 
and Theorem ll. 1.31 (2). assuming Lemma [6.2.7[ □ 



6.3. Proof of Lemma [6.2.71 We first prove (1). We change the notation slightly, and put 
S(Z) := Pic(Z) /Pic(Z)L.div for a scheme Z. For a smooth variety Z over a field, let NS(Z) 
be the Neron-Severi group of Z. The natural map S(X"'^) 2(F) is injective by the proper 
base-change theorem: 

H(X-) ^H(F) 

J] H\X'^\Z,{l))^\[H\Y,Z,{l)). 

We show that S(F) is finitely generated. Since Y has simple normal crossings on we 
have the following exact sequence of sheaves on Y^t- 

> ffy ^ Gm7y(i) ^ Gni,y(2) >■ • • • , 

where F (g > 1) is as in the proof of Lemma l6 . 2 .4I ( 1 ) . By this exact sequence, it is easy to 
see that the kernel of the natural map Pic(F) Pic(F*^^)) is an extension of a finite group 
by a torsion divisible group. Hence the induced map 

S(F) ^ s(F(i)) ^ NS(F(i))/NS(F(i)),.tors 

has finite kernel, and the assertion follows from the fact that the last group is a finitely gener- 
ated abelian group. Thus we obtain Lemma [6.2.7l (l). 

Lemma 16.2.71 (2) follows from the finiteness of the groups H^{X^\jjin) with (n,j9) = 1. 
The details are straight-forward and left to the reader. 

We prove Lemma [6.2.71 (3). By the proof of (1), the natural map '^{X"^) E{Y^^^) has 
finite kernel and E{Y^^^) is finitely generated, which implies that the left vertical arrow in the 
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following commutative diagram has finite kernel by a standard norm argument: 

H^{¥, S(X"'") ® Q/Z') H\¥, H^iX""', Q/Z'(l))) 

H\¥, S(FW) ® Q/Z') H\¥, H\Y^^\ Q/Z'{1))), 

where the bottom horizontal arrow is defined in the same way as a' and it has finite kernel by 
[ISS2il . Lemma 6.7 (note that E{Y^^^) = NS(F«)/NS(F(i))p.tors). Hence a' has finite kernel 
as well. This completes the proof of Lemma [6.2.71 □ 

6.4. Appendix: Degree of 0-cycles. Let J^T be a regular scheme of finite type over S = 
Spec(Ofc). We do not assume the properness ofJ%'/S here. Put Q := Xq, and let Qfin be the 
subset of Q consisting of all closed points on X whose closure in are finite over S. If 
^ is proper over S then we have Qfin = Q- For y E Y^, let Cy be the multiplicity of y in 
^ ^iid let fy be the degree over F of the algebraic closure of F in K{y). 

Theorem 6.4.1. Assume that the purity ofBrauer groups holds for ^ . Then the following 
three numbers are equal to one another: 

Ni : the order of the kernel of the composite map Br(A;) — > Br(X) Br(X) /Br( J?r). 
^2 : the greatest common measure of the degrees [k,{v) : k] with v G Qfin- 
: the greatest common measure of the integers Cy ■ fy with y G Y^. 

Remark 6.4.2. This result was proved by CoUiot-Thelene and Saito in HCTSI . Theoreme 
3.1, up to powers of p. However, their arguments work including powers of p after some 
modification, which we show in what follows. 

Proof. By the arguments in PCTS] . Theoreme 3.1, we have Xi|A^2|^3- Our task is to show 
Ni = N^. Let us consider the composite map 

a : Br(A;) Br(X)/Br( Jf) ^ H^^i^^, GJ, 

where the second map P denotes the composite map 

P : Br(X)/Br(^) c H^^ , G^) Jf, GJ, 

and the last map is injective by the purity assumption on Brauer groups (cf. Remark l4. 1.21 (3)). 
Hence it suffices to show the following lemma: 

Lemma 6.4.3. Let rj be a generic point of Y. Then the kernel of the composite map 
: Br(fc) i7j(^,G^) ^H^{^,G^) 

y£YO 



is isomorphic to Z/ e^/^Z. 
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Proof of Lemma \6.4.3\ Let (resp. Ajf) be the henselization (resp. strict henselization) of 
i^'^^ri at its maximal ideal, and let be the absolute Galois group of K{ri). By the Hochschild- 
Serre spectral sequence 

= ^GailG,, H^{A^, G.,)) =^ h:;+^{a„ G^)(= JT, G^)), 

and the standard purity (I2.2.3I) . we have the following exact sequence: 

H\7], Q/Z) H'^{A,, G„0 HiiArj, G^)^". 

Next let s be the closed point of S, and let k^^ be the maximal unramified extension of k. The 
same computation for S yields an isomorphism H^(F, Q/Z) ~ H^{S, Gm)(— Br(/c)), be- 
cause we have H^i^l% Gm) ^ Br(A;"'') = (cf. lISeTll . 11.3.3). Thus we obtain the following 
commutative diagram with exact rows: 

H\¥, Q/Z) H^iS, G^) 

H\r], Q/Z) H^^{A„ G^) H^{A^, GJ^^, 

where the arrow a'^ is induced by the right square. One can easily show that 

where Res denotes the natural restriction map H^(¥, Q/Z) H^iv^ Q/^) induced by the 
structure map r] Spec(F). Thus we have 

Ker(a^) ~ Ker(a^) ~ 'L/e^Jri'^. 

This completes the proof of Lemma [6.4.31 and Theorem l6.4.1[ □ 
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7. Proof of Theorem IL3JJ 

In this section, we prove Theorem 1 1.3. II Let the notation be as in §1.3[ Put 5" := Spec(Ofc) 
and let Y be the divisor on ^ defined by the radical of (p) C i^s'- 

7.1. Key diagram. For v G Xq, the closure {v} C contains exactly one closed point of 
Y by the properness of ^ over S. 

Definition 7.1.1. We define the map of sets sp : Xq Yq by the law that sp(v) = x if 
and only if x is the closed point of {v} C ^ . Since is henselian local, there is a natural 
identification of sets 

sp"^({x}) = {closed points on Spec{ff^,,[p'^])} {x G Yq) 

where i^^-^ denotes the henselization of i^s:,x at its maximal ideal. 

We construct the key diagram (|7.1.4I) below. Let U C F be a regular dense open subset. For 
X G Uo, put Ax := i^^-^. and let ^px,pr be the composite map 

i'esp~l({a;}) iiesp~^({x}) 

We put Qu := sp~^{Uo), and define the map 

: II prBT{A,[p-']) II Z/fZ 
xeUo veQu 
as the direct product of V^^-sp' 's with x E Uq. Next we construct a canonical map 

xeUo 

where = Tr(l)^ denotes the j9-adic etale Tate twist flSalH . For this we will prove 

Lemma 7.1.2. Let x be a closed point on U and let Y^ be the divisor on '■= Spec(y4a;) 
defined by the radical of (p) C Ar^. Then there is a canonical isomorphism 

By this lemma, we define the desired map 9pr as the restriction map 

H if^^(j;,T,(l))^ H prBT{A,[p-']). 

x£Uo xGUq 

Proo f o f Lemma W.1.2\ Consider the localization exact sequence 

where we have used the property that Tr(l) is isomorphic to yUpr outside of characteristic p 
(cf. [ISa2]| ). Since A^[p~^] is a UFD, we have H'^{^^[p~% ^i^r) - prBi{A^[p-^]). On the 
other hand, we have 

H\^,, p-Br(^,) ~ prBi{x) = 0, 
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where the isomorphism (*) follows from the Kummer theory for G^- (cf. [|Sa2L §4.5), and 
the last vanishing follows from the facts that is concentrated in degree and 1 (cf. loc. 
cit.) and that cd(x) = 1. The assertion follows from these facts. □ 

We turn to the proof of Theorem II. 3. 1[ and define a as the composite map 

a : CW'-\^)/f H^''~\^, %r{d - 1)) ^ //|.( JT, 

where for a Z/p''Z-module M, M* denotes Hom(M, Z/p^Z), and the last isomorphism fol- 
lows from the arithmetic duality ( IISa2L Theorem 10.1.1). To prove Theorem ll.3.1l it remains 
to show the following: 

Lemma 7.1.3. (1) The following diagram is commutative: 
(7.1.4) C}i'^-\^)/f -ifi^(jr,1,(l))* 

(V)* 

Z//Z ^^''^^^ : ,rBriA,\p-']r 

veQu xGUo 

where the left vertical arrow sends v G Qu to the class of v. 
(2) The maps 9pr andippv are injective. Consequently, {Opr)* and {ippr)* are surjective. 

We prove (2) in §7.21 and then prove (1) in §7. 3 1 below. 

7.2. Proof of Lemma 17X1(2). Put Z := Y \ U and ^' := ^ \ Z For x e Uq, let 
and Yx be as in Lemma 17. 1.21 The map tppr is injective by Corollary 13.1.21 Indeed this 

injectivity is immediately reduced to the case Cp ^ khy a standard norm argument, because 
is smooth over S by the semistability assumption on To show the injectivity of 9pr, 

we consider the following commutative diagram: 

epr : HU^, T.(l)) ^ Hl,{^', T,(l)) — U.eUo HU^., T.(l)) 

c c' 

H\U,Z/fZ)^^U.eUo H'{Yx,Z/fZ), 

where a and b are restriction maps, and c and c' are Gysin maps ( IISa2ll . Theorem 4.4.7). The 
arrow a is injective by the purity for Xr(l) (cf. loc. cit.), and b is injective by the Cebotarev 
density theorem nSe2ll . Theorem 7. The arrow c' is injective by Lemma 17. 1.21 and Theorem 
12.6.21 It remains to show that the induced map Coker(c) — > Coker(c') is injective. Let i be 
the closed immersion U ^ 2^' . Since we have Coker(c) C H^{U, R^r%r{^)) and 

Coker(c')c n H%Yx,iRH%.{l))\Yj, 
it suffices to show that for an etale sheaf ^ on a noetherian scheme W, the restriction map 

is injective, which follows from a standard argument using the induction on dim(Vr). Thus 
we obtain Lemma 17.1. 31 (2). 
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7.3. Proof of Lemma |7X1(1). Put A := Z/p''Z and N := d - 1 for simplicity. By the 
definitions of the maps in (I7.1.4h . it is enough to show that the following diagram commutes 
for each v G Qu- 



(1) 



if3(C„T,(l)a„ 



> 

(2) 



A 



A, 



where denotes the normalization of {v} C J^, x denotes the closed point of and / 
denotes the canonical finite morphism ^ ■ See [Sal], Theorem 10.1.1 for the trace 
maps. The arrows /* arise from the following relative trace morphism with = 0, 1 (loc. cit., 
Theorem 7.1.1): 

Gys^ : Rf.%r{n)c^ X,(n + iV),r [2N] in /^'(jTet, A), 

and the arrow /* arises from the pull-back morphism (loc. cit., Proposition 4.2.8) 

res^ : T,(l)^ Rf.%{l)c. in D\^,,, A). 

The commutativity of the square (2) follows from a similar argument as for IISa2ll . Lemma 
10.2.1. We prove the commutativity (1) of pairings. Consider the following commutative 
diagram: 



Y 



Cv 



□ 9 
h 




where s denotes the closed point of S. Note that we have the base-change isomorphism 
R'^^Ri- = Rh'Rg^ by Deligne PSGA4L XVIII.3. 1.12.3. To prove the commutativity of pair- 
ings in question, it suffices to show that the following diagram commutes in D^{s^t, A): 



(7.3.1) h*R7c,Ac^ ®^ Rh-Rg,1r{lh- 

h''Rg4GySf)(g)^ id 

h*Rg,%r{Nh- [2N] ®^ Rh'-Rg,1r{l).a; ■ 



idiX)'- Rh'Rg,(Tesf) 



product 



h*RTT,Ac^ (g)^ Rh-RTT,Zril)c^ 

product 

Rh'-Rn,%r{l)c. 

Rh'Rg,{GySf) 

^ Rh-Rg.lridlr [2N]. 



Here the arrows 'product' are induced by the canonical morphism 

h\J^®^Rli-^ — > R}i\J^®^^) (jr,^ G D\SiuA)) 

and the product structure of Tate twists (|'Sa2l|, Proposition A. 2.6). We have defined RW for 
unbounded objects using a result of Spaltenstein [[Sp|, Theorem A. Finally one can easily 
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check the commutativity of (17.3.11) by applying Rh-Rg^ to the following commutative dia- 
gram in [ISa2]| . Corollary 7.2.4: 



GySf^^ id 



product 



product 



This completes the proof of Lemma 17.1.31 and Theorem ll.3.1[ 



□ 
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